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ABSTRACT. In this paper, we give a generalization of results in QPU071 and 
IDPUI by applying the tools of graded Lie algebras to quadratic Lie superalge- 
bras. In this way, we obtain a numerical invariant of quadratic Lie superalgebras 
and a classification of singular quadratic Lie superalgebras, i.e. those with a 
nonzero invariant. Finally, we study a class of quadratic Lie superalgebras ob- 
tained by the method of generalized double extensions. 



0. Introduction 

Throughout the paper, the base field is C and all vector spaces are complex and 
finite-dimensional. We denote the ring Z/2Z by Z2 as in superalgebra theory. 

Let us begin with a ^-graded vector space g = g n © 0t- We denote by Alt(ffo) 
the Grassmann algebra of go, that is, the algebra of alternating multilinear forms 
on Qo equipped with the wedge product and by Sym(g T ) the algebra of symmetric 
multilinear forms on g T . 

We say that q is a quadratic Z^-graded vector space if it is endowed with a 
non-degenerate even supersymmetric bilinear form B (that is, B is symmetric on 
80, skew-symmetric on g T and B(qq,Qi) = 0). In addition, if there is a Lie super- 
algebra structure [•, •] on q such that B is invariant, i.e. B([X,Y],Z) = B(X, [Y,Z]) 
for all X,Y,Z £ 53, then g is called a quadratic (or orthogonal or metrised) Lie 
superalgebra. 

Algebras endowed with an invariant bilinear form appear in many areas of Math- 
ematics and Physics and they are a remarkable algebraic object. A structural theory 
of quadratic Lie algebras, based on the notion of a double extension (a combina- 
tion of a central extension and a semi-direct product), was introduced by V. Kac 
MKac85l in the solvable case and by A. Medina and P. Revoy IMR851 in the gen- 
eral case. Another interesting construction, the r*-extension, based on the notion 
of a generalized semi-direct product of a Lie algebra and its dual space was given 
by M. Bordemann MBor971 for solvable quadratic Lie algebras. Both notions have 
been generalized for quadratic Lie superalgebras in papers by H. Benamor and S. 
Benayadi HBB99I and by I. Bajo, S. Benayadi and M. Bordemann fBBBl . 

A third approach, based on the concept of super Poisson bracket, was introduced 
in IIPU07I . providing several interesting properties of quadratic Lie algebras: the 
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authors consider (g, [-,-], B) a non-Abelian quadratic Lie algebra and define a 3- 
fomi / on g by 

I(X,Y,Z)=B([X,Y],Z), VX,F,ZGg. 

Then / is nonzero and {/,/} = 0, where {•, •} is the super Poisson bracket defined 
on the (Z-graded) Grassmann algebra Alt(g) of g, by 

{n,n'} = (-l) de ^) +1 £l Xj (n)Alx,(n / ), Vfl, Q'GAlt(fl) 

with {X\ , . . . ,X n } a fixed orthonormal basis of g. 

Conversely, given a quadratic vector space (g,fi) and a nonzero 3-form / G 
Alt 3 (g) satisfying {/,/} = 0, then there is a non-Abelian Lie algebra structure on g 
such that B is invariant. 

The element / carries some useful information about corresponding quadratic 
Lie algebras. For instance, when / is decomposable and nonzero, corresponding 
quadratic Lie algebras are called elementary quadratic Lie algebras and they are 
exhaustively classified in HPU0711 . This classification is based on basic properties 
of quadratic forms and the super Poisson bracket. In this case, dim([g,g]) = 3 and 
coadjoint orbits have dimension at most 2. In BDPUII . the authors consider further 
a notion that is called the dup-number of a non-Abelian quadratic Lie algebra g. 
It is defined by dup(g) = dim ({a G g* | a AI = 0}) where g* is the dual space 
of g. The dup-number receives values 0, 1 or 3 and it measures the decompos- 
ability of /. For instance, / is decomposable if and only if dup(g) = 3. Moreover, 
it is also a numerical invariant of quadratic Lie algebras under Lie algebra iso- 
morphisms, meaning that if g and g' are isomorphic quadratic Lie algebras then 
dup(g) = dup(g'). Its proof is rather non-trivial. It is obtained through a descrip- 
tion of the space generated by invariant symmetric bilinear forms on a quadratic 
Lie algebra with nonzero dup-number. Such quadratic Lie algebra is called a sin- 
gular. An unexpected property is that there are many non-degenerate invariant 
symmetric bilinear forms on a singular quadratic Lie algebra. Though they can 
be linearly independent all of them are equivalent in the solvable case, i.e. two 
solvable singular quadratic Lie algebras with same Lie algebra structure are iso- 
metrically isomorphic (or i-isomorphic, for short). In other words, isomorphic and 
i-isomorphic notions are equivalent on solvable singular quadratic Lie algebras. 
Another remarkable result is that all singular quadratic Lie algebras are classified 
up to isomorphism by f?(?i)-adjoint orbits of the Lie algebra o(n). 

The purpose of this paper is to give a interpretation of this last approach for 
quadratic Lie superalgebras. We combine it with the notion of double extension as 
it was done for quadratic Lie algebras HDPU1 . Further, we use the notion of gener- 
alized double extension. In result, we obtain a rather colorful picture of quadratic 
Lie superalgebras. 

Let us give some details of our main results. First, let g be a quadratic Z2- 
graded vector space. Recall that Alt(flo) an d Sym(g T ) are Z-graded algebras and 
this gradation can be used to define aZx Z2-gradation on each algebra. Consider 
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then the Z x Z2-graded super-exterior algebra of g* defined by 

£(fl)=Alt(flo) ® Sym(g T ) 

ZxZ 2 

with the natural super-exterior product 

(£1 ® F) A (H' (8) F') = (_ l)deg z (f )deg z (a') ^ A Q /) ^ f f / 

for all in Alt(gg) and F,F' in Sym(g T ). It is clear that £ is commutative and 
associative. For more details of the algebra £ (g) the reader should refer to HSch791 , 
IIBP891 or HMPU09H . 

In MMPU09I , the authors use the super Z x Z,2-Poisson bracket {-,-} on the 
super-exterior algebra £(g) defined as follows: 

{ft®F,n'®F'} = (_l)deg z (f)deg z (il') ({n, a'} ® FF' + (Q A H') ® {F,F'}) , 

for all a' G Alt(g n ), F, F' G Sym(g T ). 

In Section 1 , we will recall some simple properties of the super Z x Z2-Poisson 
bracket that are necessary for our puipose. 

It is easy to check that for a quadratic Lie superalgebra (g,5), if we define a 
trilinear form / on g by 

I(X,Y,Z)=B([X,Y],Z), VX,F,ZGg 

then / £ £( 3 '^(g). Therefore, it seems to be natural to ask: when does {/,/} = 0? 
We shall give an affirmative answer to this in Proposition 11.1 II Moreover, simi- 
larly to the Lie algebra case, we show that non-Abelian quadratic Lie superalgebra 
structures on a quadratic Z 2 -graded vector space (q,B) are in one-to-one corre- 
spondence with nonzero elements / in £( 3 '°)(g) satisfying {/,/} = 0. 

In Section 2, we introduce the notion of dup-number for a non-Abelian quadratic 
Lie superalgebra g: 

dup(g) =dim({a G g* | aA/ = 0}) 

and consider the set of quadratic Lie superalgebras with nonzero dup-number: the 
set of singular quadratic Lie superalgebras. Similarly to quadratic Lie algebras, if 
g is non-Abelian then dup(g) G {0, 1,3}. Thanks to Lemma l2~Tl if dup(g) = 3 then 
g T is a central ideal of g and g 5 is an elementary quadratic Lie algebra. Therefore, 
we focus on singular quadratic Lie superalgebras g with dup(g) = 1. We call them 
singular quadratic Lie superalgebras of type S\. However, differently than the Lie 
algebra case, the element / may be decomposable. 

We list in Section 3 all non-Abelian reduced quadratic Lie superalgebras with 
/ decomposable (see Definition 12.51 for the definition of a reduced quadratic Lie 
superalgebra). We call them elementary quadratic Lie superalgebras. In this case, 
dup(g) is nonzero. In particular, if dup(g) = 3 then g is an elementary quadratic 
Lie algebra. If dup(g) = 1 then we obtain three quadratic Lie superalgebras with 
2-dimensional even part. Actually, we prove in Proposition 14. 1 1 that if g is a non- 
Abelian quadratic Lie superalgebra with 2-dimensional even part then dup(g) = 1. 

Section 4 details a study of quadratic Lie superalgebras with 2-dimensional even 
part. We apply the concept of double extension as in HDPUII with a little change 
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by replacing a quadratic vector space by a symplectic vector space and keeping the 
other conditions (see Definition I4.6I ). Then we obtain a structure that we still call a 
double extension and one has (Proposition 14.81 ): 

Theorem 1: 

A quadratic Lie superalgebra has a 2-dimensional even part if and only if it is a 
double extension. 

By a very similar process as in HDPLl for solvable singular quadratic Lie alge- 
bras, a classification of quadratic Lie superalgebras with 2-dimensional even part 
up to isomorphism is given as follows. Let S(2 + 2«) be the set of such structures 
on C 2+2n . We call an algebra g € S(2 + 2«) diagonalizable (resp. invertible) if 
it is the double extension by a diagonalizable (resp. invertible) map. Denote the 
subsets of nilpotent elements, diagonalizable elements and invertible elements in 
S(2 + 2rc), respectively by N(2 + 2n), D(2 + 2«) and by $- im {2 + 2n). Denote by 
N(2 + 2n), V(2 + 2n), §i nv (2 + 2«) the sets of isomorphic classes in N(2 + 2«), 
D(2 + 2«), §i nv (2 + 2n) respectively and by D re( j(2 + 2«) the subset of D(2 + 2«) 
including reduced ones. Also, we denote by F l (sp(2n)) the projective space of 
sp(2«) with the action induced by the Sp(2«)-adjoint action on sp(2«). Then we 
have the classification result (Propositions 14. 13l and l4. 14l and Appendix): 

Theorem 2: 

(i) Let q and q' be elements in §>(2 + 2n). Then g and g' are isometrically 
isomorphic and if and only if they are isomorphic. 

(ii) There is a bijection between 3sf(2 + 2«) and the set of nilpotent Sp(2n)- 
adjoint orbits of sp(2n). It induces a bijection between N(2 + 2«) and 
the set of partitions &-\(2n) of 2n in which odd parts occur with even 
multiplicity. 

(iii) There is a bijection between T>(2 + 2n) and the set of semisimple Sp(2n)- 
orbitsof P 1 (sp(2«)). 

(iv) There is a bijection between Si nv (2 + 2n) and the set of invertible Sp(2n)- 
orbitsof P 1 (sp(2n)). 

(v) There is a bijection between ${2 + 2n) and the set of Sp(2rc) -orbits of 
F 1 (sp(2n)). 



As for quadratic Lie algebras, we have the notion of quadratic dimension of a 
quadratic Lie superalgebra. In the case g is a quadratic Lie superalgebra having a 
2-dimensional even part, we can compute its quadratic dimension as follows: 

dq{g) = 2 + (dim(Z(g)-l))(dim(Z(g)-2) ^ 

where Z(q) is the center of g. It indicates that there are many non-degenerate 
invariant even supersymmetric bilinear forms on a quadratic Lie superalgebra with 
2-dimensional even part but by Theorem 2 (i), all of them are equivalent. 
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Section 5 contains more results on a singular quadratic Lie superalgebra (q,B) 
of type Si, that is, those with 1-valued dup-number. The first result is that g 5 is 
solvable and so g is solvable. Moreover, by Definition 15 .3 1 and Lemma 1531 the Lie 
superalgebra g can be realized as the double extension of a quadratic Z 2 -graded 
vector space q = qo©q T by a map C = Co +C\ € o(qo) ©sp(q T ). Denote by Jz^(qo) 
(resp. ££ (q T )) the set of endomorphisms of q n (resp. q T ). We give isomorphic and 
i-isomoiphic characterizations of two singular quadratic Lie superalgebras of type 
Si as follows (Proposition 15 H\ . 

Theorem 3: 

Let g and g' be two double extensions of q by C = Co + C\ and O = C' + C[, 
respectively. Assume that C\ is nonzero. Then 

(1) there exists a Lie superalgebra isomorphism between g and q' if and only 
if there exist invertible maps P £ Jz?(qo), Q G -Sf (qx) and a nonzero A G C 
such that 

(i) C[ = XPCqP 1 and P*PC Q = C . 

(ii) C[= XQCiQ 1 andQ*QC l =C h 

where P* and Q* are the adjoint maps of P and Q with respect to Bl^x^ 
andB\ qiXC]r 

(2) there exists an i-isomorphism between q and q' if and only if there is a 
nonzero X € C such that C' is in the O(qo)-adjoint orbit through XCq and 
C[ is in the Sp(qj)-adjoint orbit through XC\. 

We recall a remarkable result in HDPU1 that two solvable singular quadratic Lie 
algebras are i-isomorphic if and only if they are isomorphic. A similar situation 
occurs for two quadratic Lie superalgebras with 2-dimensional even part as in The- 
orem 2. Therefore, there is a very natural question: is this result also true for two 
singular quadratic Lie superalgebras? We have an affirmative answer as follows 
(Proposition |5T5jfor dup(g) = 1 and flDPUll for dup(g) = 3): 

Theorem 4: 

Let q and g' be two solvable singular quadratic Lie superalgebras. Then g and 
g' are i-isomorphic if and only if they are isomorphic. 

We close the problem on singular quadratic Lie superalgebras with an assertion 
that (Proposition 15. 161 ): 

Theorem 5: 

The dup-number is invariant under Lie superalgebra isomorphism. 

As a consequence of its proof, we obtain a formula for the quadratic dimension 
of reduced singular quadratic Lie superalgebras of type Si having [flTjflt] 7^ {0}. 

In the last Section, we study the structure of a quadratic Lie superalgebra g such 
that its element / has the form: 



I = JAp 
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where p G gi is nonzero and J £ Alt^cjg) (giSym^gj) is indecomposable. We 
call g a quasi-singular quadratic Lie superalgebra. With the notion of generalized 
double extension given by I. Bajo, S. Benayadi and M. Bordemann in IBBBH . we 
prove that (Corollary I6.5l and Proposition 16.91 : 

Theorem 6: 

A quasi- singular quadratic Lie superalgebra is a generalized double extension 
of a quadratic ^-graded vector space. This superalgebra is 2-nilpotent. 

In the Appendix, we recall fundamental results in the classification of O(m)- 
adjoint orbits of o(m) and Sp(2«)-adjoint orbits of sp(2«). The classification of 
nilpotent and semisimple orbits is well-known. We further give here the classifi- 
cation of invertible orbits, i.e. orbits of isomorphisms in o(m) and sp(2«). By the 
Fitting decomposition, we obtain a complete classification in the general case. 

Many concepts used in this paper are generalizations of the quadratic Lie algebra 
case. We do not recall their original definitions here. For more details the reader 
can refer to HPU071 and llDPTjl 

Acknowledgments. We would like to thank D. Arnal and R. Yu for many valuable 
remarks and stimulating discussions concerning the first version of this article. 
Moreover, we would like to thank S. Benayadi for very interesting suggestions for 
the improvement of Section 5. 

This article is dedicated to our admirable mentor Georges Pinczon (1948 - 
2010). He suggested the main idea in Section 1 and discussed results in Sections 2 
and 3. 

1. Applications of graded Lie algebras to quadratic Lie 

superalgebras 

Let g = g n © g T be a Z^-graded vector space. We call go and g T respectively the 
even and the odd part of g. We begin by reviewing the construction of the super- 
exterior algebra of the dual space g* of g. Then we define the super Z x Z2-Poisson 
bracket on g* (for more details, see HMPU091 and HSch791 ). 

1.1. The super-exterior algebra of g*. Denote by Alt(go) the algebra of alter- 
nating multilinear forms on g n and by Sym(g T ) the algebra of symmetric multilin- 
ear forms on g T . Recall that Alt(go) is the exterior algebra of gi and Sym(g T ) is 
the symmetric algebra of gi. These algebras are Z-graded algebras. We define a 
Z x Z2-gradation on Alt(g n ) and on Sym(g T ) by 

Alt^(fl 5 ) = Alf (g„), Alt^go) = {0} 

and Sym('< 7 )(g T ) = Sym'(g T ), Sym^(g T ) = {0} if 7/7, 

where i,j G Z and i,j are respectively the residue classes modulo 2 of i and j. 
The super-exterior algebra of g* is the Z x Z2-graded algebra defined by: 

£(g)=Alt(g 5 ) ® Sym(g T ) 

ZxZ 2 
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endowed with the super-exterior product on £(g): 

(Q®F)A(Q'®F') = (-l) /(B '(nAQ>FF', 

for all Q. G Alt(ffe), D.' G Ak a '(g s ), F G Syir/(g T ), F' G Sym(g T ). Remark that the 
Z x Z2-gradation on £(g) is given by: 

if A = Q®F G Alt <B ( o)®Sym' / '( 0T ) with w, / G Z, then A G £ ((B+/ < 7) (0)- 
So, in terms of the Z-gradations of Alt(fjg) an d Sym(g T ), we have: 

£"(0) = ® (Alt m (0o)®Sym"- m ( 0T )) 

m=0 

and in terms of the Z2 -gradations, 

£0(0) = Alt(0 B ) ® ( j©Sym 2 >(fl T )) and £ T (g) = Alt(fl D ) ® (© Sym^ +1 ( flT )^ . 

Notice that the graded vector space £(fj) endowed with this product is a commuta- 
tive and associative graded algebra. 

Another equivalent construction is given in HBP891 : £(g) is the graded algebra 
of super-antisymmetric multilinear forms on g. The algebras Alt(g n ) and Sym(g T ) 
are regarded as subalgebras of £(g) by identifying CI := £2<g> 1, F := 1 (g>F, and the 
tensor product £2 <g) F = (ft® 1) A (1 (g>F) for all £2 G Alt(g n ), F G Sym(g T ). 

1.2. The super Z x Z2-Poisson bracket on £(0*). Let us assume that the vector 
space n is equipped with a non-degenerate even supersymmetric bilinear form B. 
That means 

B(X,Y) = (-lfB(Y,X) 
for all homogeneous X G Q x , Y G Q y and B(qq,Qj) = 0. In this case, dim(g T ) must 
be even and g is also called a quadratic ^-graded vector space. 

The Poisson bracket on Sym(g T ) and the super Poisson bracket on Alt(gn) are 
defined as follows. Let SS = {X\ , ... ,X n , Y\ , . .., Y„} be a Darboux basis of g T , mean- 
ing that B(Xi,Xj) = B(Y h Yj) = and B(X h Yj) = for all 1 < ij < n. Let 
{pi,...,p„,qi,...,q n } be its dual basis. Then the algebra Sym(g T ) regarded as the 
polynomial algebra C[pi, ...,p„,qi, ...,q n ] is equipped with the Poisson bracket: 

It is well-known that the algebra (Sym(g T ), {•, •}) is a Lie algebra. Now, let X G 0o 
and denote by lx the derivation of Alt (go) defined by: 

i x (Q)(Z 1 ,...,Z,) = n(X,Z 1 ,...,Z /t ), VnGAlt i+1 (g 5 ),X,Z 1 ,...,Z,Ggo(^>0), 

and lx(l) =0. Let {Zi,...,Z m } be a fixed orthonormal basis of g n . The super 
Poisson bracket on the algebra Alt(g D ) is denned by (see MPU07I for details): 

m 

{n,n , } = (-l)* +1 £l z .(n)Al z ,(aO, VHGAlt^go), n'GAlt(go). 
Remark that the definitions above do not depend on the choice of the basis. 
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Next, for any Q. G Alt* (go) > we define the map ad P (£2) by 

adp(Q) (Q.') = {£2,£2'}, VQ' G Alt(g B ). 

It is easy to check that ad P (£2) is a super-derivation of degree & — 2 of the algebra 
Alt (go). One has: 

adp(n) ({«',«"}) = {adp(a)(a'),a"}+(-i)^{a',ad P (a)(a")}, 

for all £1' G Alt*^), £1" G Alt(g D ). Therefore Alt(g o) is a graded Lie algebra for 
the super-Poisson bracket. 

Definition 1.1. HMPU09H 

The super Z x ^-Poisson bracket on £(g) is given by: 

{£1®F,Q.'®F'} = (-l) /t0 ' ({Q,Q'}®FF' + (Q A £2') <8>{F,F'}) , 

for all £2 G Alt(flg), £2' G Alt 65 ^), F G Sym( flT /, F' G Sym(g T ). 

By a straightforward computation, it is easy to obtain the following result: 

Proposition 1.2. The algebra £(g) is a graded Lie algebra with the super Z x Z 2 - 
Poisson bracket. More precisely, for all A G £^' fe) (g), A' G S^'^'^g) arac? A" G 

(1) {^^-(-l^'+^'lA^'}- 

(2) {{A,A'},A"} = {A, {A', A"}} - (-1) C "''+^'{A', {A,A"}}. 
Moreover, one has {A, A' A A"} = {A,A'} AA" + (-l) aa ' +bb 'A' A{A,A"}. 

1.3. Super-derivations. Denote by Jz? (£(g)) the vector space of endomoiphisms 
of £(g). Let ad P (A) := {A, .}, for all A G £(g). Then ad P (A) G -S?(£(fl)) and: 

ad P ({A,A'}) = ad P (A) oad P (A , ) - (-l) u "' +w/ ad P (A') oad P (A) 

for all A, A' G £ (fl '' fc ' ) (g). The space jgf(£(g)) is naturally Z x Z 2 -graded as follows: 

deg(F) = (M), n G Z, J G Z 2 if deg(F(A)) = (n + a,d + b), where A G £ (a ' &) (g). 

We denote by End"(£(g)) the subspace of endomorphisms of degree (n,f) of 

Jz?(£(g)). It is clear that if A G £ (fl ' fo) (s) then ad P (A) has degree (a - 2,b). More- 
over, it is known that Jz? (£(g)) is also a graded Lie algebra, frequently denoted by 
gl(£(g)) and equipped with the Lie super-bracket: 

[F,G]=FoG-(-\) np+fg GoF, VFG End}(£(g)), G G End^(£(g)). 

Therefore, by Proposition 11.21 we obtain that ad P is a graded Lie algebra homo- 
morphism from £(g) onto g[(£(g)). In other words, one has: 

ad P ({A,A'}) = [adp(A),ad P (A , )] ) VA,A' G £(g). 

Definition 1.3. A homogeneous endomorphism D G gl(£(g)) of degree (n,d) is 
called a super-derivation of degree (n,d) of £(g) (for the super-exterior product) 
if it satisfies the following condition: 

D(A A A') = D(A) A A' + (—\) na+db Af\D(A'), VA G £ (a ' 6) (fl), A' G £(g). 
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Denote by D^(£(g)) the space of super-derivations of degree (n,d) of £(g) then 
we obtain a Z x ^-gradation of the space of super-derivations D(£(g)) of £(g): 

D(£(g)) = DS(£(fl)) 

(M,d)eZxZ 2 

and D(£(g)) becomes a graded subalgebra of gl(£(g)) IINR661 . Moreover, the last 
formula in Proposition ll.2l affirms that ad P (A) G D(£(g)), for all A G £(g). 

Another example of a super-derivation in D(£(g)) is given in BBP891 as follows. 
Let X G q x be a homogeneous element in g of degree x and define the endomor- 
phism ix of £(g) by 

ixCAX*!,...,^-!) = (-l^A^,^,...^) 

for all A G £( fl fo ) (g), Xi,. . . ,X a _\ G V. Then one has 

1 X (A A A') = 1 X (A) A A' + {-l)-" +xb A A i x {A') 

holds for all A G £ (a ^(0), A' G £(g). It means that ix is a super- derivation of 
£(g) of degree (— l,x). The proof of the following Lemma is straightforward: 

Lemma 1.4. Let X B G g n and X T G g T . 77ze?i, for allQ®F G Alt Cfl (g B ) (8) Syn/ (g T ): 

(1) l Jb (ft®F) = l Ji (n)®F, 

(2) i Xl {Q.®F) = {-\)<°a®i Xl {F). 

Remark 1.5. 

(1) If H G Alt fi '(g B ) then = a(X ,X h . . . ,X a ^) for all 

. . . ,X ffl _i G go- That coincides with the previous definition of i x 
on Alt(g B ). 

(2) Let X be an element in a fixed Darboux basis of g T and p G gi be its dual 
form. By the Corollary II. 1.52 in HGie041 one has: 

lx{p n ){X"- 1 ) = {-\) n p n {X n ) = (-l)"(-l)" ( ^ 1)/2 «!. 

Moreover, ^-(X n - 1 ) = n(p n - 1 )(X n - 1 ) = (-l)*"" 1 ^- 2 )/ 2 *!. It implies 
op 

that 

l x (p")(X"- l ) = -^(X"- 1 ). 

op 

Since each F G Syn/(g T ) can be regarded as a polynomial in the variable 
p, one has the following property: 

dF 

1 X (F) = - — , VFGSym(g T ). 
op 

The super-derivations i x play an important role in the description of the space 
D(£(g)) (for details, see HGie04|| ). For instance, they can used to express the super- 
derivation ad P (A) defined above: 



10 MINH THANH DUONG, ROSANE USHIROBIRA 

'1 vm 



Proposition 1.6. Fix an orthonormal basis {X n , . . . ,X™} of Qq and a Darboux basis 
SB = {Xj,. . . ,X",Yj,. ..,Yj} o/g T . Then the super Zx ^-Poisson bracket on £(g) 
is given by: 

m 

{A,A'} = (-l) M+/+1 £v(A)A V (A') 

7=1 ° ~° 



+(-*)"£ (»x*(^)Al y *(AO-l^(A)Al^(A') 
for all A G Alt £B (0o)«)Sym / (0 T ) and A' G £(g). 

Proof Let A = Q. ® F G Alt ffl (go) ® Sym% T ) and A' = £2' ® F' € Alt 60 '^) ® 
Syn/ (g T ). The super Z x Z^-Poisson bracket of A and A' is defined by: 

{A, A'} = (-l/ fi >' ({H,a'}®FF' + (Q AO.')® {F,F'}) . 

By the definition of the super Poisson bracket on Alt(gn) combined with Lemma 
[L4l(D. one has 



{£l,a}®FF' = £ {1^(0) Al^(Q')) 

= ( _ 1)/(£0 '-i )+£0+ i £ r^.(n)®F) a (i xi (n')®F' 

7=1 
m 

= £ t (A ) AI (A '). 

7=1 ° ° 

Let {pi, . . . ,p n ,qi,. . . ,q n } be the dual basis of 3§. By Remark [T31 (2). the Pois- 
son bracket on Sym(g T ) can be expressed by: 

" f dF dF' dF dF'\ " ( , , , , N , , , ,. 
^\dp k dq k dq k dp k ) V A i i i i 

Combined with Lemma [L4l (2). we obtain 



(£2Afi') ® {F,F'} = (i)An>£ ( t zi (F) t yi (F') - l yi (F) l^(F') 

k=\ V 1 1 1 1 

£ (Yft®i x *(F)) A (p!®l Y k{F')\ - (a®l Yh \F)) A {Q!®l X k(F') 
.^fw'+m £ fi x *(A) A l Y _ k (A') - l Y _ k (A) A i^(A') 



k=\ 



k=\ x 1 
The result follows. 

□ 

Since the bilinear form B is non- degenerate and even, then there is an (even) 
isomorphism from g onto g* defined by (j>(X)(Y) = B(X,Y), for all X, Y € g. 



Corollary 1.7. The following expressions: 
(1) {a,A} = ij-i (B) (A), 
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(2) {a, a'} =B(§- l {a)^-\a')), 
hold for all a, a 1 e g*, AG £(g). 

Proof. 

(1) We apply Proposition [HO respectively for a = (X^)* = (j>(X£), i = 1, . . . ,m, 
a = (Y T ')* = <$>{X\) and a = = 0(7 T '), f = 1,...,b to obtain the 
result. 

(2) Let a € q*, a' G gj be homogeneous forms in g*, one has 

{«,«'} = t rl(a) (a') = (-l)«'a , (0- 1 (a)) = (-lr'B^-^a'),^ 1 ^)) 

= B(0- 1 («),0" 1 («'))- 

□ 

In this section, Proposition 11.61 and Corollary 11.71 are enough for our purpose. 
But as a consequence of Lemma 6.9 in MPU07I , one has a more general result of 
Proposition II .61 as follows: 

Proposition 1.8. Let {X 5 , . . . ,X n m } be a basis of Qo and {ai,...,a m } its dual 
basis. Let {F B , . . . ,Y™} be the basis of Qq defined by F n ' = _1 (cf,-). Set SB = 
{Xj , . . . ,X", Yj , . . . , Y"} be a Darboux basis of g T . Then the super Z x 7j 2 -Poisson 
bracket on £(g) is given by 

m 

{A,A'} = (-ir + f +l ^B(Yj,Yj)i xi (A)Ai xJ (A') 

ij=i 

+(-l) a, L(l X *(A)Al F ,(A / )-l F *(A)Al x ,(A / )) 

for all A € Alt £B (g 5 ) ® Sym^^T) anJA' G £(g). 
1.4. Super-antisymmetric linear maps. Consider the vector space 

<f = 0<T, 

where <f' ! = {0} if n < —2, J 5 _1 = g and <^" 1 is the space of super-antisymmetric 
n + 1-linear mappings from g" +1 onto g. Each of the subspaces S n is Z^-graded 
then the space $ is Z X Z^-graded by 

There is a natural isomorphism between the spaces and £(g) (g>g. Moreover, 
is a graded Lie algebra, called the graded Lie algebra of g. It is isomorphic to 
D(£(g)) by the graded Lie algebra isomorphism D such that if F = £2<g>X G ^ +JC 
then D/r = — (— l) xco £l A lx G D^ +JC (£(g)). For more details on the Lemma below, 
see for instance, HBP891 and HGi604l . 
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Lemma 1.9. 

Fix F 6 denote by d = Dp and define the product [X,Y] = F(X,Y), for all 
X,Y € g. Then one has 

(1) d((f>)(X,Y) = -(t>([X,Y}),forallX,Y e Q , (j>E S *. 

(2) The product [ , ] becomes a Lie super-bracket if and only if d 2 = 0. In this 
case, d is called a super-exterior differential of £(g). 

1.5. Quadratic Lie superalgebras. The construction of graded Lie algebras and 
the super Z x Z2-Poisson bracket above can be applied to the theory of quadratic 
Lie superalgebras. This later is regarded as a graded version of the quadratic Lie 
algebra case and we obtain then similar results. 

Definition 1.10. A quadratic Lie superalgebra (q,B) is a Z2-graded vector space 
g equipped with a non-degenerate even supersymmetric bilinear form B and a Lie 
superalgebra structure such that B is invariant, i.e. B([X,Y],Z) = B(X, [Y,Z]), for 
all X,Y,Ze Q. 

Proposition 1.11. Let (g,B) be a quadratic Lie superalgebra and define a trilinear 
form I on g by 

I(X,Y,Z)=B([X,Y],Z), VX,7,Zeg. 

Then one has 

(1) / e £( 3 <°)(g) = Alt 3 (g 5 ) (Alt 1 (ft) Sym 2 (g T )) . 

(2) J = -ad P (7). 

(3) {/,/} = 0. 

Proof. The assertion ( 1 ) follows clearly from the properties of B. Note that B ( [g B , g n ] , 0t) = 
B([Qi,Qi],Q- l )=0. 

For (2), fix an orfhonormal basis {Xj ,X™} of g n and a Darboux basis {Xj ,X", 
Yj l , . . . ,Y"} of g T . Let {ai, . . . ,a m } and {J3i,...,j3„,yi,... ,y„} be their dual basis, 
respectively. Then for all X,Y € g, i=l,...,m, I = 1, ...,n we have: 

ad P (/)(cO(x,y) 

= ( L i x j(!) a i x ;(ai) - £ (i xt (i) a i Fi (a,) - i yi (/) a i X k(cti)) I (x,y) 
\i=l Jfc=l v 1 1 1 1 / 

= ^£ l ^( 7 ) A ^(^)l ( x > y ) = a 1^(0*)) (x,y) 
=s(4 [x,y]) = fl%([x,y]) = -d(ai)(x,Y), 
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ad P (/)(A)(X,Y) 

= ( £lw(/)Al x ;(ft)-£ (MWAl 7 i(A)-M(/)A^(A)) J (X,Y) 



£t yi (/) Ai^Cft) (x,y) = (i y1 (i)ai x i(Pi)) ( X > Y 



l ¥l (I)(X,Y) = -B(#, [X,Y]) = ft([X,y]) = -d(fit)(X,Y). 



i 



Similarly, ad P (7)(y,) = -d(yi) for 1 < / <n. Therefore, d = -ad P (7). 

Moreover, ad P ({7,/}) = [ad P (/),ad P (/)] = [d,d] = 2d 2 = 0. Therefore, for all 
1 < i<m, 1 <j,k < none has {a,-, {/,/}} = {jS,-, {/,/}} = {7,/}} = 0. Those 
imply ix ({/,/}) = for all X G g and hence, we obtain {/,/} = 0. 

□ 

Conversely, let g be a quadratic Z^-graded vector space equipped with a bilinear 
form B and / be an element in £ (3 ' 0) (fl)- Define d = -ad P (7) then d G D,J(£(g)). 
Therefore, c? 2 = if and only if {/, /} = 0. Let F be the structure in g corresponding 
to d by the isomorphism D in Lemma [L9l one has 

Proposition 1.12. F becomes a Lie superalgebra structure if and only if {1,1} = 0. 
In this case, with the notation [X,Y] := F(X,Y) one has: 

I(X,Y,Z)=B([X,Y] 1 Z), VX,7,Ze . 

Moreover, the bilinear form B is invariant. 

Proof. We need to prove that if F is a Lie superalgebra structure then I(X,Y,Z) = 
B([X,Y],Z), for all X,Y,Z G g. Indeed, let {X*, . . . be an orthonormal basis 
of go and {X T , . . . ,X", Yj , . . . , Y"} be a Darboux basis of g T then one has 



d = - ad P (7) = - £ l x j (I) A l xJ + £ l x * (/) A l Yi - £ i ri (/) A l x * . 

y=i fc=i 1 1 k=i 1 1 

It implies that 

m n n 

F = £ ljf ,(/) £ t xi (7) ®I? - £ l 7i (7) 

7=1 k=\ 1 t=i 1 

Therefore, for all i we obtain 

B([X,Y],xi) = i x ,(I)(X,Y)=I(X',X,Y) = I(X,Y,Xi), 

B([X,Y],XI) = -i x ,(I)(X,Y) = -I(X>,X,Y)=I(X,Y,Xl), 

andB([X,Y],Yi) = -l Y i(I)(X,Y) = -I(YlX,Y)=I(X,Y,Yi). 

These show that I(X,Y,Z) = B([X,Y],Z), for all X,Y,Z G g. Since / is super- 
antisymmetric and B is supersymmetric, then one can show that B is invariant. □ 
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The two previous propositions show that on a quadratic Z2 -graded vector space 
(q,B), quadratic Lie superalgebra structures with the same B are in one to one 
correspondence with elements / G £( 3 - n )(g) satisfying {/,/} = and such that the 
super-exterior differential of £(g) is d = — ad P (7). This correspondence provides 
an approach to the theory of quadratic Lie superalgebras through /. 

Definition 1.13. Given a quadratic Lie superalgebra (g,5). The element / denned 
as above is also an invariant of g since Jz?x (I) = 0, for all X G g where Jt?x = 
D(ad g (X)) is the Lie super-derivation of g. Therefore, / is called the associated 
invariant of g. 

The following Lemma is a simple, yet interesting result. 

Lemma 1.14. Let (g,5) be a quadratic Lie superalgebra and I be its associated 
invariant. Then lx(I) = if and only ifX G Z(q). 

Proof. Since i x {I)(q,q) =B(X, [g,g]) and Z(q) = [g^] 1 - where [g,^] 1 - denotes the 
orthogonal subspace of [g,g]. We have then lx(I) = if and only if X G Z(g). □ 

Definition 1.15. Let (g,B) and (g',B') be two quadratic Lie superalgebras. We say 
that (g,B) and (q',B ! ) are isometrically isomorphic (or i-isomorphic) if there exists 
a Lie superalgebra isomorphism A from g onto g' satisfying 



In other words, A is an i-isomoiphism if it is a (necessarily even) Lie superalgebra 



Note that two isomorphic quadratic Lie superalgebras (g,B) and (q',B') are not 
necessarily i-isomorphic by the example below: 

Example 1.16. Let g = osp(l,2) and B its Killing form. Recall that gj = o(3). 
Consider another bilinear form B' = \B, A € C, A / 0. In this case, (g,B) and 
(g,AB) can not be i-isomorphic if X ^ 1 since (go,B) and (gjj, XB) are not i- 
isomorphic. 

2. The dup-number of quadratic Lie superalgebras 

Let (g,B) be a quadratic Lie superalgebra and / be its associated invariant. Then 
by Proposition 11.1 II we have a decomposition 



where I G Alt 3 (g B ) and h G Alt 1 (g B ) <g> Sym 2 (g T ). Since {/,/} = 0, then {7 , A)} = 
0. It means that g B is a quadratic Lie algebra with the associated 3-form I , a rather 
obvious result. It is easy to see that g B is Abelian (resp. [qj,Qj] = {0}) if and only 
if Iq = (resp. I\ = 0). These cases will be fully studied in the sequel. Define the 
following subspaces of g*: 



B'(A(X),A(Y))=B(X,Y), VX,F Gg. 



isomorphism and an isometry. We write g ~ g'. 



I = k + h 




{a G g* | a A/ = 0}, 
{a Ggi | aA/ = 0}, 
{a e g * | a A/i = 0}. 
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Lemma 2.1. Let g be a non-Abelian quadratic Lie superalgebra then one has 

(1) dim(V/)e {0,1,3}, 

(2) dim(V/) = 3 if and only ifl\ = 0, go is non-Abelian and Iq is decomposable 
in Alt 3 (g 5 ). 

Proof. Let a = a + ai G gi © g* then one has 

a A / = ab A 7 + a A /i + ai A 7 + «i A /i , 

where O5o AIq G Alt 4 (go), aoA/i G Alt 2 (gg) ® Sym 2 (g T ), ai A/ G Alt 3 (go) <8) 
Sym^fli) and a\AI\ G Alt 1 ^) <S> Sym 3 (g T ). 

Hence, a A 7 = if and only if ai = and Ofo A Io = do A 7i = 0. It means that 
V, = V Io n V/, . If I Q / then dim(V /o ) G {0, 1 , 3} and if h + then dim(V/, ) G 
{0, 1}. Therefore, dim(V 7 ) G {0, 1,3} and dim(V/) = 3 if and only if h = and 
dim(V /o ) = 3. □ 

The previous Lemma allows us to introduce the notion of dup-number for qua- 
dratic Lie superalgebras as we did for quadratic Lie algebras. 

Definition 2.2. Let be a non-Abelian quadratic Lie superalgebra and I be its 
associated invariant. The dup-number dup(g) is defined by 

dup(g) =dim(V/). 

Given a subspace W of g, if W is non-degenerate (with respect to the bilinear 
form B), that is, if the restriction offionWxlVis non-degenerate, then the orthog- 
onal subspace W 1 - of W is also non-degenerate. In this case, we use the notation 

q = W ®W ± . 

The decomposition result below is a generalization of the quadratic Lie algebra 
case. Its proof can be found in HPU071 and HDPUH . 

Proposition 2.3. Let (g,B) be a non-Abelian quadratic Lie superalgebra. Then 
there are a central ideal 3 and an ideal [ 7^ {0} such that: 

X 

(1) = I ffi I where {l,B\ iX} ) and (l,fi|[ X [) are quadratic Lie superalgebras. 
Moreover, I is non-Abelian. 

(2) The center 2.(1) is totally isotropic, i.e. 2(1) C [I, I]. 

(3) Let g' be a quadratic Lie superalgebra and A :Q—>Q ! bea Lie superalgebra 
isomorphism. Then 

where = A(j) is central, \! = A($) , 2(1') is totally isotropic and I and 
[' are isomorphic. Moreover if A is an i-isomorphism, then I and I' are 
i-isomorphic. 

The Lemma below shows that the previous decomposition has a good behavior 
with respect to the dup-number. 

Lemma 2.4. Let q be a non-Abelian quadratic Lie superalgebra. Write g = 3 © I 
as in Proposition \2.3\ then dup(g) = dup([). 
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Proof. Since [3,0] = {0} then / G £ (3 ' 0) (f). Let aGj* such that a A I = 0, we show 
that a G I*. Assume that a = (X\ + a 2 , where a\ G 3* and a 2 G I*. Since a AI = 0, 
oti A / G £(3) <S> £(Q and a 2 Al e £([) then one has cti A/ = 0. Therefore, = 
since / is nonzero in £( 3,0 )([). That means a G V and then dup(g) = dup([). □ 

Clearly, 3 = {0} if and only if Z,(g) is totally isotropic. By the above Lemma, 
it is enough to restrict our study on the dup-number of non- Abelian quadratic Lie 
superalgebras with totally isotropic center. 

Definition 2.5. A quadratic Lie superalgebra g is reduced if it satisfies: 

(1) fl^ {0} 

(2) Z,(g) is totally isotropic. 

Notice that a reduced quadratic Lie superalgebra is necessarily non- Abelian. 

Definition 2.6. Let g be a non-Abelian quadratic Lie superalgebra. We say that: 

(1) g is an ordinary quadratic Lie superalgebra if dup(g) = 0. 

(2) g is a singular quadratic Lie superalgebra if dup(g) > 1. 

(i) g is a singular quadratic Lie superalgebra of type S\ if dup(g) = 1. 

(ii) g is a singular quadratic Lie superalgebra of type S3 if dup(g) = 3. 

By Lemma |2~T1 if g is a singular quadratic Lie superalgebra of type S3 then 
/ = I is decomposable in Alt 3 (go). One has I(Qo,9i,Qi) = #([0b,0t],0t) = 0. It 
implies [gi,g] = {0} since B is non-degenerate. Hence in this case, g T is a central 
ideal, q-q is a singular quadratic Lie algebra of type S3 and then the classification 
is known in HPU07L Therefore, we are mainly interested in singular quadratic Lie 
superalgebras of type S 1 . 

Before proceeding, we give other simple properties of singular quadratic Lie 
superalgebras: 

Proposition 2.7. Let (0,5) be a singular quadratic Lie superalgebra. If is non- 
Abelian then Qq is a singular quadratic Lie algebra. 

Proof. By the proof of Lemma |2T] one has Vj = V Io n V It . Therefore, dim(V/ ) > 
1. It means that q-q is a singular quadratic Lie algebra. □ 

Given (q,B) a singular quadratic Lie superalgebra of type Si. Fix a G Vj and 
choose Q, Q G Alt 2 (go), £2i G Sym 2 (g T ) such that I = ctAClo + Ct®£li. Then one 
has 

{/,/} = {a A (lo, a A fi } + 2{a Afl , a} ® + {a, a} . 

By the equality {/,/} = 0, one has {a AD.Q,a AD.o} = 0, {a, a} = and {a, a A 
Qo} = 0- These imply that {a,/} = 0. Hence, if we set X = _1 (a) then X Q G 
Z(g) and B(X ,X ) = (Corollary OJand LemmaER). 

Proposition 2.8. Let (q,B) be a singular quadratic Lie superalgebra. If g is re- 
duced then g n is reduced. 
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Proof. As above, if g is a singular quadratic Lie superalgebra of type S3 then g T is 
central. By g reduced and g T non-degenerate, g T must be zero and then the result 
follows. 

If g is a singular quadratic Lie superalgebra of type S\. Assume that g 5 is not 

reduced, i.e. gg = 3 © I where 3 is a non-trivial central ideal of g 5 , there is X £ 3 
such that B(X,X) = 1. Since g is singular of type Si then g n is also singular. Hence, 
the element Xo defined as above must be in [ and Iq = cc A£2o S Alt (I) (see BDPUH 
for details). We also have B(X,X ) = 0. 

Let j8 = (j>(X) so i x (I) = {jS,/} = {j8,a A Q. + a © = 0. That means 
X 6 Z(q). This is a contradiction since g is reduced. Hence go must be reduced. □ 

Lemma 2.9. Let gi and Q2 be non-Abelian quadratic Lie superalgebras. Then 

gi © Qi is an ordinary quadratic Lie algebra. 

Proof. Set g = gi © g 2 - Denote by /, 1\ and 7 2 their non-trivial associated invari- 
ants, respectively. One has £(g) = £(gi) © £(g 2 ), £* : (g) = £ r (gi) © £*(g 2 ) 

r+s=k 

and I = h +h where I\ e £ 3 (gi), h € £ 3 (02)- Therefore, if a = ai + a 2 G gt ©02 
such that a A / = then a\ = a 2 = 0. □ 

Definition 2.10. A quadratic Lie superalgebra g is indecomposable if g = gi © g2, 
with gi and g 2 ideals of g, then gi or g 2 = {0}. 

The following result shows that indecomposable and reduced notions are equiv- 
alent for singular quadratic Lie superalgebras. 

Proposition 2.11. Let g be a singular quadratic Lie superalgebra. Then g is re- 
duced if and only ifQ is indecomposable. 

Proof. If g is indecomposable then it is obvious that g is reduced. If g is reduced, 

± 

assume that g = gi © g2, with gi and g 2 ideals of g, then 2,(g,) C [g;,g,] for £=1,2. 
Therefore, g,- is reduced or g,- = {0}. If gi and g 2 are both reduced, by Lemma I2T91 
then g is ordinary. Hence gi or g 2 = {0}. □ 

3. Elementary quadratic Lie superalgebras 

In this section, we consider the first non-trivial case of singular quadratic Lie su- 
peralgebras: elementary quadratic Lie superalgebras. We begin with the following 
definition. 

Definition 3.1. Let g be a quadratic Lie superalgebra and / be its associated invari- 
ant. We say that g is an elementary quadratic Lie superalgebra if / is decomposable. 

Keep notations as in Section 2. If / = Iq + 1\ is decomposable, where Iq 6 
Alt 3 (g 5 ) and I\ G Alt 1 (g 5 ) © Sym 2 (g T ) then it is obvious that Iq or I\ is zero. The 
case I[ = 0, i.e. / decomposable in Alt 3 (go), corresponds to singular quadratic Lie 
superalgebras of type S3 and then there is nothing to do. Now we assume / is a 
nonzero decomposable element in Alt 1 (go) © Sym 2 (g T ) then / can be written by: 
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I = a®pq 

where a G qI and p,q G g*. It is clear that g is a singular quadratic Lie superalgebra 
of type S i . 

Lemma 3.2. Let g be a reduced elementary quadratic Lie superalgebra having 
I = a ffi pq where a G gg and p,q G jjj. Sef X B = </> -1 (a) o«e has: 

(1) dim(3n) = 2 and go n Z.(g) = CX n . 

(2) Le? X T = (j)~ l (p), Y T = (9) and t/ = span{X T , F T } then 

(i) dim(g T ) = 2 ifdim(U) = \ orU is non-degenerate. 

(ii) dim(g T ) = 4ifU is totally isotropic. 

Proof. 

(1) Let j8 be an element in gi. It is easy to see that {/3,a} = if and only 
if {/},/} = 0, equivalently 1 (j3) G £(g). Therefore, ( ^'(aj^ ngo C 
Z.(g). It means that dim(g 5 ) < 2 since g is reduced (see HBou59ll ). More- 
over, Xq = _1 (a) is isotropic then dim(g n ) = 2. If dim(g n n 2,(g)) = 2 
then Qq C Z>(g). Since B is invariant we obtain g Abelian (a contradiction). 
Therefore, g D n 2,(g) = CX n . 

(2) It is obvious that dim(g T ) > 2. If dim(£/) = 1 then U is a totally isotropic 
subspace of g T so there exists a one-dimensional subspace V of g T such that 

5 is non-degenerate on U ffi V (see HBou591 ). Let g T = (U ffi V) © W where 
W = (1/ © V)-L then for all / G (W) one has: 

if, I} = {f,a®pq} = -a® ({/, p}^ +/,{/, 9 }) = 0. 

Therefore, W C 2,(g). Since S is non-degenerate on W and g is reduced 
then W = {0}. 

If dim(£/) = 2 then U is non-degenerate or totally isotropic. If U is non- 

-L 

degenerate, let g T = U ffi W where W = U . If U is totally isotropic, let 

1 

g T = (t/ ffi V) © W where W = (U © V ) in g T and 5 is non-degenerate on 
t/ ffi V. In the both cases, similarly as above, one has W a non-degenerate 
central ideal so W = {0}. Therefore, dim(g T ) = dim({7) = 2 if U is non- 
degenerate and dim(g T ) = dim(£/ ©V) = 4 if U is totally isotropic. 

□ 

In the sequel, we obtain the classification result. 

Proposition 3.3. Let g be a reduced elementary quadratic Lie superalgebra then 
g is i-isomorphic to one of the following Lie superalgebras: 

(1) g; (3 < i < 6) the reduced singular quadratic Lie algebras of type S3 given 
in liPUOTl . 

(2) g^ = (C%ffiC%) ffi (CX T ffiCZ T ) w/jere g 5 = span{X B , F 5 }, gi = span{X T ,Z T }, 
the bilinear form B is defined by 

S(Xo,%)=S(X T ,Z T ) = l, 
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the other are zero and the Lie super-bracket is given by 

[Z T ,Zr] = -2% [%Z T ] = -2X T , 
the other are trivial. 

(3) Q% 2 = (C%0C%) (CX T 0CF T ) where g B = span{X g ,F B }, g T = span{X T ,F T }, 
the bilinear form B is defined by 

B(Xo,%) = s(x T ,y T ) = i, 

the other are zero and the Lie super-bracket is given by 
[X 1 ,Y 1 ]=X T) , [Y^X 1 ]=X 1 , [Yq,Yt] = -Yj, 

the other are trivial. 

(4) g* = (C% CYq) (CX T e CF T e CZ T e Cr T ) where g B = span{X B ,F B }, 
Qj = span{XT,FT,Zj, Tj}, the bilinear form B is defined by 

B(X^)=B(Xj,Zj)=B(Y- 1 ,T- 1 ) = 1, 

the other are zero and the Lie super-bracket is given by 

[Z- l ,T J ] = -X Tj , [Yo,Z T ] = -Y T , [Y^,Tj] = -Xj, 

the other are trivial. 

Proof. 

(1) This statement corresponds to the case where / is a decomposable 3-form 
in Alt 3 (g B ). Therefore, the result is obvious. 

Assume that / = a®pq G Alt 1 (g B ) <8>Sym 2 (g T ). By the previous lemma, 
we can write g^ = CX^CF^ where Xg = ^ l (a), B(Xq,Xq) = = 
0, B(Xq,Yq) = 1. LetX T = $- l (p), F T = and U = span{X T ,F T }. 

(2) If dim([/) = 1 then F T = kX T with some nonzero k G C. Therefore, q = kp 
and 1 = ka®p 2 . Replacing Xq by &X<y and F B by IFq, we can assume that 
it = 1. Let Z T be an element in g T such that 5(X T ,Z T ) = 1. 

Now, letX G g 5 , F,Z G g T . By using (1.7) and (1.8) of llBP89ll . one has: 

B(X, [F,Z]) = -2a(X)/>(F)/>(Z) = -2B(Xo,X)B(X T ,F)B(X T ,Z). 
Since B| gnXgn is non-degenerate then: 

[F,Z] = -2S(X T ,F)B(X T ,Z)Xo, V F,Z € g T . 
Similarly and by the invariance of B, we also obtain: 

[X,F] = -2B(Xo,X)B(X T ,F)X T , VX G g^, F G g T 
and (2) follows. 

(3) If dim([/) = 2 and £/ is non-degenerate then B(X T ,F T ) = a ^0. Replacing 
X T by ^X T , Xq by aXq and Fq by ^Fq, we can assume that a = 1. Then one 
has g B = span{Xo,Fg}, g T = span{X T ,F T }, B(Xq,Y u ) = S(X T ,F T ) = 1 and 
I = a®pq. LetX G go, F,Z G g T , we have: 

s(x,[f,z]) =/(x,f,z) = -a(x)(p(y) g (z)+p(z) 9 (r)). 
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Therefore, the Lie super-bracket is denned: 

[Y,Z] = -(B(Xj,Y)B(Y T ,Z) +B(Xj,Z)B(Y t ,Y))Xq, VY,Z G 0t , 

[x,y] = -s(Xo,x)(s(x T ,y)y T + J s(y T ,y)x T ), vx e 0rj , y e 0T 

and (3) follows. 

(4) If dim(f/) = 2 and U is totally isotropic: let V = span {Z- U T{\ be a 2- 

± 

dimensional totally isotropic subspace of gj such that 0T = U © V and 
B(X 1 ,Z- l )=B(Y- l ,T I ) = 1. IfX G 05 ,y,Z G 0T then: 

fl(X, [Y,Z]) = I(X,Y,Z) = -a(X)(p(Y)q(Z)+p{Z)q(Y)). 

We obtain the Lie super-bracket as follows: 

[Y,Z] = -(B(Xj,Y)B(Y T ,Z) +B(X 1 ,Z)B(Y 1 ,Y))Xv, VY,Z G 0T , 

[X,Y] = -B(Xo,X)(S(X T ,F)F T + S(y T ,F)X T ), VX G 0Q -, Y G 0T . 
Thus, [Z T ,r T ] = -Xg, [Yq,Z t ] = -F T , [%,?t] = -X T . 

□ 

4. Quadratic Lie superalgebras with 2-dimensional even part 

This section is devoted to study another particular case of singular quadratic 
Lie superalgebras: quadratic Lie superalgebras with 2-dimensional even part. As 
we shall see, they are can be seen as a symplectic version of solvable singular 
quadratic Lie algebras. The first result classifies these algebras with respect to the 
dup-number. 

Proposition 4.1. Let Qbe a non-Abelian quadratic Lie superalgebra with dim( 0D ) = 
2. Then is a singular quadratic Lie superalgebra of type S\. 

Proof. Let / be the associated invariant of . By a remark in HPU07II . every non- 
Abelian quadratic Lie algebra must have the dimension more than 2 so q is Abelian 
and as a consequence, / G Alt 1 ^) ® Sym 2 ( 0T ). We choose a basis {Xq, Y^} of q 
such that B(Xq,X$) = B(Yq,Yq) = and B(X$,Y$) = 1. Let a = 0(X„), j3 = 0(F<j) 
and we can assume that 

/ = a (8)^1 + j3<g>n 2 
where Q.i,Q.2 G Sym 2 ( 0T ). Then one has: 

{/,/} = 2(Q 1 Q 2 + a Aj3®{ni,n 2 }). 

Therefore, {/,/} = implies that Q.1Q2 = 0. So £2i = or £2 2 = 0. It means that 
is a singular quadratic Lie superalgebra of type Si. □ 

Proposition 4.2. Let Qbe a singular quadratic Lie superalgebra with Abelian even 
part. If q is reduced then dim( (,) = 2. 
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Proof. Let / be the associated invariant of g. Since g has the Abelian even part one 
has / G Alt 1 (g 5 ) <g) Sym 2 (g T ). Moreover g is singular then 

/ = a<g>n 

where a G gjj, £1 G Sym 2 (g T ). The proof follows exactly Lemma I3T2] Let j8 G gi 
then |J3, a} = if and only if {j6,/} = 0, equivalently 1 (j3 ) G Z,(g). Therefore, 
((/("'(a))- 1 - Hgo C £(g). It means that dim(g 5 ) = 2 since g is reduced and _1 (a) 
is isotropic in 2,(g). □ 

Now, let g be a non- Abelian quadratic Lie superalgebra with 2-dimensional even 
part. By Proposition 14.11 g is singular of type Si. Fix a G V/ and choose £2 G 
Sym 2 (g) such that 

/ = a®Q. 

We define C : g T ->■ g T by B(C(X),Y) = Cl(X,Y), for all X,Y G g T and let X$ = 
Lemma 4.3. The following assertions are equivalent: 

(1) {/,/} = 0, 

(2) {a,a} = 0, 

(3) S(Xo,Xo)=0. 

case, one has Xq G Z.(g). 

Proof. It is easy to see that: 

{/ ) /}=0^{a,a}(g)a 2 = 0. 

Therefore the assertions are equivalent. Moreover, since {ct,I} = one has Xq G 
Z(fl). □ 

We keep the notations as in the previous sections. Then there exists an isotropic 
element G Qq such that B(Xq,Fq) = 1 and one has the following proposition: 

Proposition 4.4. 

(1) The map C is skew -symmetric (with respect to B), that is 

B(C(X),Y) = -B(X,C(Y)) 

for all X, Y G gi- 

(2) [X,Y] = B(C(X)J)X T) ,forallX,Y G g T and C = ad(y n )| g _. 

(3) Z(q) = ker(C) © CX g and [g,g] = Im(C) © CX 5 . Therefore, g is reduced if 
and only /fker(C) C Im(C). 

(4) The Lie superalgebra g is solvable. Moreover, g is nilpotent if and only if 
C is nilpotent. 

Proof. 

(1) For all X,Y G Qj, one has 

B(C(X),Y) = a(X,Y) = a(Y,X)=B(C(Y),X) = -B(X,C(Y)). 
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(2) LetX G Qo,Y,Z G g T then 

fl(x,[y,z]) = (a®a)(x,Y,z) = a{x)a(Y,z). 

Since a(X) = B(X$,X) and Q.(Y,Z) = B(C(Y),Z) so one has 

B(X,[Y,Z])=B(Xq,X)B(C(Y),Z). 

The non-degeneracy of £ implies [Y,Z] = B(C(Y),Z)Xq. Set X = Yg then 
fl(y 5 ,[y,Z]) = B(C(Y),Z). By the invariance of B, we obtain [F 5 ,7] = 
C(Y). 

(3) It follows from the assertion (2). 

(4) g is solvable since go is solvable, or since [[g,g], [g,g]] C CX n . If g is impo- 
tent then C = ad(Fo) is nilpotent obviously. Conversely, if C is nilpotent 
then it is easy to see that g is nilpotent since (ad(X))^(g) C CX B ©Im(C* : ) 
for all X G g. 

□ 

Remark 4.5. The choice of C is unique up to a nonzero scalar. Indeed, assume 
that I = a 1 <g) H' and C' is the map associated to Q'. Since Z.(g) n go = CX B and 
_1 (ce') G 2,(g) one has a' = Xa for some nonzero A G C. Therefore, a<S> (H — 
in') = 0. It means that D, = XQ! and then we get C = XC. 

4.1. Double extension of a symplectic vector space. 

Double extensions are a veiy useful method initiated by V. Kac to construct qua- 
dratic Lie algebras (see HKac85l and I MR85IO . They are generalized to many alge- 
bras endowed with a non-degenerate invariant bilinear form, for example quadratic 
Lie superalgebras (see HBB991 and HBBBIO . In BDPUH . we consider a particular case 
that is the double extension of a quadratic vector space by a skew-symmetric map. 
From this we obtain the class of solvable singular quadratic Lie algebras. Here, 
we use this notion in yet another context, replacing the quadratic vector space by a 
symplectic vector space. 

Definition 4.6. 

(1) Let (q,S q ) be a symplectic vector space equipped with a symplectic bilin- 
ear form fiq and C : q — s> q be a skew-symmetric map, that is, 

B q (C(X),Y) = -B q (X,C(Y)), VX,F G q. 

Let (t = span{Xo,Fo} 5 S t ) be a 2-dimensional quadratic vector space with 
the symmetric bilinear form B t defined by 

B t (Xo,X 5 ) =B t (y B ,F 5 ) = o, B t (x g ,y 5 ) = 1. 

Consider the vector space 

_L 

g = t©q 

equipped with the bilinear form B = B t + B q and define a bracket on g by 
[AX n + piY- + X, A'Xo + n% + Y}= nC(Y) - m'C(X) +B(C(X),Y)X b , 
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for all X,Y € q,X,)J,,X' £ C. Then (g,5) is a quadratic solvable Lie 
superalgebra with g B = t and g T = q. We say that g is the double extension 
ofqbyC. 

(2) Let Qi be double extensions of symplectic vector spaces (q,-,B,-) by skew- 
symmetric maps C, £ jSf (q,-), for 1 < i < k. The amalgamated product 

= 01 x g 2 x ... x Q k 

a a a 

is defined as follows: 

• consider (q,fi) be the symplectic vector space with q = qi © q 2 © • • • © 
q k and the bilinear form B such that B(X$ =I XiXi=i Y) = l!i=i B i( x h Yi), 
for X t ,Yi e c\ u l<i<k. _ 

• the skew-symmetric map C G JSf (q) is defined by C(Xf =/ X ; ) = lf =/ C,-(X,-), 
forX, E q,-, 1 < i < k. 

Then g is the double extension of q by C. 

Lemma 4.7. We keep the notation above. 

(1) Let be the double extension ofq by C. Then 
[X,Y]=B(X- ,X)C{Y)-B(X»,Y)C(X)+B(C{X),Y)X- , VX,FGg, 

where C = ad(Yo). Moreover, Xq € 2,(g) and C| q = C. 

(2) Lef g' be the double extension ofq by C = XC, X € C, X ^ 0. Then g awe? 
g' are i-isomorphic. 

Proof. 

(1) This is a stoightforward computation by Definition 14.61 

(2) Write g = t © q = g'. Denote by [•,•]' the Lie super-bracket on g'. Define 
A : g -> g' by A(X g ) = AX B , A(F 5 ) = and A| q = Id,. Then A([r„,X]) = 

C(X) = [A(y 5 ),A(X)]' andA([X,y]) = [A(X),A(F)]', for all X, 7 G q. So A 
is an i-isomorphism. 

□ 

Proposition 4.8. 

(1) Let g be a non-Abelian quadratic Lie superalgebra with 2-dimensional 
even part. Keep the notations as in Proposition \4.4\ Then g is the double 
extension ofq = (CX 3 © C7o) x = gx by C = ad(Fo) |q- 

(2) Let g be the double extension of a symplectic vector space q by a map 
C^O. Then g is a singular solvable quadratic Lie superalgebra with 2- 
dimensional even part. Moreover: 

(i) g is reduced if and only jfker(C) C Im(C). 

(ii) g is nilpotent if and only ifC is nilpotent. 

(3) Let (q,B) be a quadratic Lie superalgebra. Let g' be the double exten- 
sion of a symplectic vector space (q',B') by a map C. Let A be an i- 
isomorphism of q' onto g and write q = A(q'). Then g is the double exten- 
sion o/(q,S|q X q) by the map C = AC A 1 where A = A| q /. 



24 



MINH THANH DUONG, ROSANE USHIROBIRA 



Proof. The assertions (1) and (2) follow Proposition I4.4l and Lemma 14/71 For (3), 
since A is i-isomoiphic then g has also 2-dimensional even part. Write g' = (CX n ' © 

Cy D ') © q'. LetXo = A(X B ') and F g =A(Y 5 '). Then g = (CX- a ®CY T) ) © q and one has: 

[Yo,X] = (ACA^XX), VX G q, and 

[X,y]=B((AC 7 A- 1 )(X),F)X n , VX,Feq. 
This proves the result. □ 

Example 4.9. From the point of view of double extensions, for reduced elementary 
quadratic Lie superalgebras with 2-dimensional even part in Section 3 one has 

(1) 04 j is the double extension of the 2-dimensional symplectic vector space 
q = C 2 by the map having matrix: 

c= (o 

in a Darboux basis {E\,E2} of q where B(E\,E2) = 1. 

(2) 0| 2 the double extension of the 2-dimensional symplectic vector space 
q = C 2 by the map having matrix: 



C 



1 

-1 



C 



in a Darboux basis {E\,E%} of q where B(E\,E2) = 1. 
(3) q s 6 is the double extension of the 4-dimensional symplectic vector space 
q = C 4 by the map having matrix: 

/0 1 0\ 


\0 -1 0/ 

in a Darboux basis {E\,E2,E^,E^\ of q where B(Ei,Ej) = B(E2,E^) = 1, 
the other are zero. 

Let (q,B) be a symplectic vector space. We denote by Sp(q) the isometry group 
of the symplectic form B and by sp(q) its Lie algebra, i.e. the Lie algebra of 
skew-symmetric maps with respects to B. The adjoint action is the action of Sp(q) 
on 5p(q) by the conjugation (see Appendix). Also, we denote by P 1 (5p(2«)) the 
projective space of sp(2n) with the action induced by Sp(2n)-adjoint action on 
sp(2n). 

l 

Proposition 4.10. Let (q,S) be a symplectic vector space. Let = (CXo©Clg) © 1 

and g' = (CX n '©CF n ') © q be double extensions of q, by skew -symmetric maps C 
and C respectively. Then: 

(1) there exists a Lie superalgebra isomorphism between g and g' if and only 
if there exist an invertible map P € =Sf (q) and a nonzero X € C such that 
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C = X PCP 1 and P*PC = C where P* is the adjoint map ofP with respect 
toB. 

(2) there exists an i-isomorphism between g and g' if and only if C is in the 
Sp(q)-adjoint orbit through XC for some nonzero X G C. 

Proof. The assertions are obvious if C = 0. We assume C 7^ 0. 

(1) Let A : g — > g' be a Lie superalgebra isomorphism then A(CXg©CYo) = 
CXj CF 5 ' and A(q) = q. It is obvious that C / 0. It is easy to see that 
CX- = Z(q) n g 5 and CX n ' = Z(g') n B then one has A(CX B ) = CX 5 '. It 
means A(X B ) = jUX B ' for some nonzero /i G C. Let AL = 2 and assume 
A(Yo) = pY-l + yXl. For all XjGq, we have A([X,F]) = pLB{C(X),Y)Xl. 
Also, 

A([X,F]) = [Q(X),Q(Y)]> = B(CQ(X),Q(Y))X;. 

It results that Q*CQ = piC. 

Moreover, A([y 5j X]) = Q{C(X)) = [$Y>_ + yXL,Q{X)]' =pCQ{X), for 
all X € q. We conclude that £ C Q 1 = j3C and since g*C'Q = /iC, then 

Set P = — — r 2 and A = i . It follows that C 7 = APCP" 1 and P*PC = 

c. 

Conversely, assume that g = (CX B Cy B ) q and g' = (CX n ' © CF D ') © q 
be double extensions of q, by skew-symmetric maps C and C respectively 
such that C = XPCP 1 and P*PC = C with an invertible map P € (q) 

and a nonzero A € C. Define A : g -> g' by A(X B ) = XX^, A(Ig) = t-F 5 ' 

A 

and A(X) = P(X), for all X G q then it is easy to check that A is a Lie 
superalgebra isomorphism. 

(2) If g and g' are i-isomoiphic, then the isomorphism A in the proof of (1) is 
an isometry. Hence P G Sp(q) and C = XPCP 1 gives the result. 

Conversely, define A as above (the sufficiency of (1)). Then A is an 
isometry and it is easy to check that A is an i-isomorphism. 

□ 

Corollary 4.11. Let (q,B) and (q',B') be double extensions of (q,S) and (q',S') 
respectively where B = B| qX q and B' = B'\ q ' xq >. Write g = (CX D © CY T) ) © q and 

g' = (CX n 'ffiCF n , )ffiq'. Then: 

(1) there exists an i-isomorphism between g and g' if and only if there exists 
an isometry A : q — s> q' such that C = X A C A~ l , for some nonzero X G C. 

(2) there exists a Lie superalgebra isomorphism between g and g' if and only 
if there exist invertible maps Q : q — > q' and P G Jz?(q) such that 

(i) C = X Q C Q 1 for some nonzero X G C, 

(ii) P*PC = Cand 
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(iii) Q P is an isometry from q onto q'. 

Proof. The proof is completely similar to Corollary 4.6 in HDPU1 . It is sketched as 
follows. First we can assume dim(g) = dim(g / ) and define then a map F : q' — > g 
by F(X^) = Xq, F(Yq) = Yq and F = FL is an isometry from q' onto q. We define 
a new Lie bracket on g by 

[X,Y]" = F([F- 1 (X),F-\Y)]') , VX,y e g. 

and denote by (g", [•,•]") this new Lie superalgebra. So F is an i-isomorphism 

from g' onto g" and by Proposition @~8] (3) g" = (CXi © CY\ ) © q is the double 
extension of q by C" with C" = F C F 1 . We have that g and g' are isomorphic 
(resp. i-isomorphic) if and only if g and g" are isomorphic (resp. i-isomorphic). 
Finally, by applying Proposition 14. 1 1 | to the Lie superalgebras g and g" we obtain 
the corollary. □ 

It results that quadratic Lie superalgebra structures on the quadratic Z^-graded 
vector space C 2 C 2 " can be classified up to i-isomorphism in terms of Sp(2rc)- 

orbits in P 1 (sp(2n)). This work is like what have been done in HDPUL We need 
the following lemma: 

Lemma 4.12. Let V be a quadratic ^-graded vector space such that its even part 

is 2 -dimensional. We write V = (CXj ©O^') © q' with Xq, Y^ isotropic elements in 
Vq and B(Xq,Yq) = 1. Let $be a quadratic Lie superalgebra with dim(gj) = dim(Vg) 
and dim(g) = dim(V ). Then, there exists a skew-symmetric map C : q' — > q' such 
that V is considered as the double extension of q' by C that is i-isomorphic to g. 

Proof. By Proposition 14.81 g is a double extension. Let us write g = (CX n © 

CYo) © q and C = ad(y ) I q ■ Define A : g -»• V by A (X D ) = Xi, A (Y$) = F g ' and A = A \ q 
any isometiy from q — > q'. It is clear that A is an isometry from g to V. Now, define 
the Lie super-bracket on V by: 

[X,Y] =A([A-\X),A- 1 (Y)]) , VX,7 € V. 

Then V is a quadratic Lie superalgebra, that is i-isomoiphic to g. Moreover, V is 
obviously the double extension of q' by C = A C A~ 1 . □ 

Proposition 14.81 Proposition 14.101 Corollary 14. 1 1 1 and Lemma |4. 121 are enough 
for us to apply the classification method in HDPU1I for the set S(2 + 2n) of quadratic 
Lie superalgebra structures on the quadratic ^-graded vector space C © C 2 ' 1 by 

only replacing the isometry group O(m) by Sp(2n) and o(m) by sp(2n) to obtain 
completely similar results. One has the first characterization of the set S(2 + 2n): 

Proposition 4.13. Let g and g' be elements in §(2 + 2n). Then g and g' are i- 

isomorphic if and only if they are isomorphic. 

By using the notion of double extension, we call the Lie superalgebra g € S(2 + 
2n) diagonalizable (resp. invertible) if it is a double extension by a diagonalizable 
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(resp. invertible) map. Denote the subsets of nilpotent elements, diagonalizable 
elements and invertible elements in S(2 + 2ra), respectively by N(2 + 2n), D(2 + 
2n) and by S inv (2 + 2?i). Denote by N(2 + 2n), V(2 + 2n), §^(2 + 2n) the sets 
of isomorphism classes in N(2 + 2n), D(2 + 2n), §i nv (2 + 2«), respectively and 
2?red(2 + 2/i) the subset of D(2 + 2n) including reduced ones. Applying Appendix, 
we have the classification result of these sets as follows: 

Proposition 4.14. 

(1) There is a bijection between 3sf(2 + 2«) and the set of nilpotent Sp(2n)- 
adjoint orbits of 5p(2n) that induces a bijection between N(2 + 2n) and 
the set of partitions 2?_\ (2n). 

(2) There is a bijection between D(2+2n) and the set of semisimple Sp(2n)- 
orbits of P 1 (sp(2n)) that induces a bijection between D(2 + 2n) and 
A n /H„ where H n is the group obtained from the group G n by adding maps 
(Ai, . . . , A„) \- > , . . . , VA € C, A ^ 0. In the reduced case, D rec j(2 + 
2n) is bijective to A+/7/„ with A+ = | Xi,...,X n G C, A,- / 
0, V/}. _ 

(3) There is a bijection between §i nv (2 + 2n) and the set of invertible Sp(2«)- 
orbits of P 1 (sp(2n)) that induces a bijection between Sj nv (2 + 2«) and 

(4) There is a bijection between §>{2 + 2n) and the set of Sp(2n)-orbits of 
P 1 (sp(2n)) that induces a bijection between 8(2 + 2n) and 3t(2n)/C*. 

Next, we will describe the sets N(2 + 2«), D rec i(2 + 2«) the subset of D(2 + 
2n) including reduced ones, and §i nv (2 + 2«) in term of amalgamated product in 
Defmition l4.6l Remark that except for the nilpotent case, the amalgamated product 
may have a bad behavior with respect to isomorphisms. 

Definition 4.15. Keep the notation / /; for the Jordan block of size p as in Appendix 
and define two types of double extension as follows: 



• for p > 2, we consider the symplectic vector space q = C p equipped with 
its canonical bilinear form B and the map C^p having matrix 



in a Darboux basis. Then C^ p £ sp(2p) and we denote by )i p the double 
extension of q by C^ p . So )% p e N(2 + 2p). 
• for p > 1, we consider the symplectic vector space q = C 2p equipped with 
its canonical bilinear form B and the map C 1 p+p with matrix 



J P M 
) ~'J P 
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in a Darboux basis where M = (m,y) denotes the p x p-matrix with m pp = 1 
and rriij = otherwise. Then C^ +p G sp(2p) and we denote by ) p+p the 
double extension of q by C* p+p . So ) p+p G N(2 + 2/?). 

The Lie superalgebras j 2p or will be called nilpotent Jordan-type Lie super- 
algebras. 

Keep the notations as in Appendix. For n G N, n ^ 0, each [d] G (2n) can 
be written as 

[d] = (p l ,p l ,p2,P2,---,Pk,Pk,2q u ...2qe), 

with all pi odd, p\>pz>->Pk and q\>q2>--->qt. 

We associate the partition [J] with the map Cui G sp(2«) having matrix 

dia g£+£( C 2 Pl 'C2P2' • • ' 'Cipt'Cqi+qj >■•■ ^ C gi+g c ) 

in a Darboux basis of C 2 " and denote by gui the double extension of C 2 " by Cui. 
Then 0j d ] G N(2 + 2«) and 0[ rf ] is an amalgamated product of nilpotent Jordan-type 
Lie superalgebras. More precisely, 

0[d\ = hpi x )2pi x ... x ) 2pk x ) qi+qi x ... x j w+9r 

a a a a a a 

Proposition 4.16. Z?ac/z g € N(2 + 2n) is i-isomorphic to a unique amalgamated 
product Qyu [d] G &-i(2n), of nilpotent Jordan-type Lie superalgebras. 

For the reduced diagonalizable case, let 04(A) be the double extension of q = C 2 
by C = ^ , A ^ 0. By Lemma 14771 04(A) is i-isomorphic to 4 (1) = 04 2 . 

Proposition 4.17. Le? € D re d(2 + 2«) is an amalgamated product of qua- 
dratic Lie superalgebras all i-isomorphic to 4 2 - 

Finally, for the invertible case, we recall the matrix J p {\) = diag / ,(A, . . . , A) + 
Jp, P > L A G C and set 



C2 " (A) -V - f /„(A)J 



in a Darboux basis of C 2p then C^ p (A) G sp(2/?). Let j2p(A) be the double exten- 
sion of C 2p by C 2p (A) then it is called a Jordan-type quadratic Lie superalgebra. 

When A = and p > 2, we recover the nilpotent Jordan-type Lie superalgebras 
)2 P . If A / 0, j 2 p(A) becomes an invertible singular quadratic Lie superalgebra and 

hp(-A) ~j 2p (A). 

Proposition 4.18. Let G Sj nv (2 + 2n) then is an amalgamated product of qua- 
dratic Lie superalgebras all i-isomorphic to Jordan-type quadratic Lie superalge- 
bras j 2p (A), with A 7^ 0. 
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4.2. Quadratic dimension of reduced quadratic Lie superalgebras having the 
2-dimensional even part. 

Let (g,5) be a quadratic Lie superalgebra. To any bilinear form B' on g, there is 
an associated map D : g — > g satisfying 

B'(X,Y)=B(D(X),Y), VI,F£ . 
Lemma 4.19. IfB' is even then D is even. 

Proof. Let X be an element in g B and assume that D(X) = Y + Z with Y G g 5 and Z G 
g T . Since fi' is even then B'(X,Qj) = 0. It implies that B(D(X),g T ) = B(Z,g T ) = 0. 
By the non-degeneracy of B on g T , we obtain Z = and then D(g 5 ) C gj. Similarly 
to the case X G g T , it concludes that D(g T ) C gj- Thus, D is even. □ 

Lemma 4.20. Let (q,B) be a quadratic Lie superalgebra, B' be an even bilinear 
form on g and D G -Sf (fl) be its associated map. Then: 

(1) B' is invariant if and only ifD satisfies 

D([X,Y}) = [D(X),Y] = [X,D(Y)\, VX,F G g. 

(2) B' is supersymmetric if and only ifD satisfies 

B(D(X),Y)=B(X,D(Y)), VX,FGg. 
In this case, D is called symmetric. 

(3) B' is non-degenerate if and only ifD is invertible. 

Proof. LetZ,y and Z be homogeneous elements in g of degrees x, y and z, respec- 
tively. 

(1) If B' is invariant then 

B'([X,Y},Z)=B'(X,[Y,Z]). 

That means S(D([X,F]),Z = S(D(X),[y,Z]) =B([D(X),Y],Z). SinceBis 
non-degenerate, one has D([X,y]) = [D(X),Y]. As a consequence, D([X,Y]) = 
-(-1)^Z)([7,X]) = -(-iyv[D(Y),X] = [X,D(Y)\ by D even. 

Conversely, if D satisfies D([X, Y)) = [D (X) , Y] = [X, D(Y )] , for all X , Y G 
g, it is easy to check that B' is invariant. 

(2) B' is supersymmetric if and only if B'(X,Y) = (-1)^B'(F,X). Therefore, 
B(D(X),Y) = (-l) x yB(D(Y),X)=B(X,D(Y)) by B supersymmetric. 

(3) It is obvious since B is non-degenerate. 

□ 

Definition 4.21. Let g be a quadratic Lie superalgebra. An even and symmetric 
map D G J£?(fl) satisfying Lemma 14.201 (1) is called a centromorphism of g. 

By MBen03l . given a quadratic Lie superalgebra g, the space of centromorphisms 
of g and the space generated by invertible ones are the same, denote it by C(g). As 
a consequence, the space of even invariant supersymmetric bilinear forms on g 
coincides with its subspace generated by non-degenerate ones. Moreover, all those 
spaces have the same dimension called the quadratic dimension of g and denoted by 
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d q (g). The following proposition gives the formula of d q (g) for reduced quadratic 
Lie superalgebras with 2-dimensional even part. 

Proposition 4.22. Let gbe a reduced quadratic Lie superalgebra with 2-dimensional 

even part and D G be an even symmetric map. Then: 

(1) D is a centromorphism if and only if there exist }X G C and an even sym- 
metric map Z : g — > Z(q) such that ZL fl i = and D = /xld+Z. Moreover 
D is invertible if and only if \l ^ 0. 

(2) 

(dim(Z(g)-l))(dim(Z(g)-2) 
a<?(fl) =2H . 

Proof. The proof goes exactly as Proposition 7.2 given in HDPUL the reader may 
refer to it. 

□ 

5. Singular quadratic Lie superalgebras of type Si 

Let q be a singular quadratic Lie superalgebra of type Si such that g 5 is non- 
Abelian. If [flufli] = {0} then [qj,q] = {0} and therefore g is an orthogonal direct 
sum of a singular quadratic Lie algebra of type Si and a vector space. There is 
nothing to do. We can assume that [0t,0t] ^ {0}. Fix a G V/ and choose Q.o G 
Alt 2 (g 5 ), Hi G Sym 2 (g T ) such that 

/ = a A£2 + a<g)£2i. 

Let X g = _1 (a) then X B € Z(q) and B(X g ,X g ) = 0. We define linear maps 
Co : g B ^ 0o, Q : g T -> g T by n (X,7) =B(C (X),F) if X,Y G g 5 and £li(X,F) = 
B(d(X),Y) ifX,Y Gg T . Let C : g -> g defined by C(X + Y) = C (X) +C l (Y), for 
all X G g 5 , y G g T . 

Proposition 5.1. For all X,Y G g, f/ie L/e super-bracket ofg is defined by: 

[X,Y]=B(X- ,X)C(Y)-B(X- ,Y)C(X)+B(C(X),Y)X- . 
In particular, ifX,Y G Qq, Z,T G Qj then 

(1) [X,Y]=B(X- ,X)C (Y)-B(X- ,Y)Co(X) + B(C (X),Y)X- , 

(2) [X,Z]=S(Xo,X)d(Z), 

(3) [Z,T]=B(C 1 (Z),T)X 

Proof. By Proposition 12.71 g B is a singular quadratic Lie algebra so the assertion 
(1) follows llDPUt Given X G g B , Y,Z G g T , one has 

B([X,Y],Z) = a®a l {X,Y,Z) = a(X)a l {Y,Z) =B(X rs ,X)B(C 1 (Y),Z). 

Hence we obtain (2) and (3). □ 

Now, we show that q„ is solvable. Consider the quadratic Lie algebra q„ with 
3-form I = a A £2 . Write £2 = £;< 7 - a^a,- A a,-, with a;; G C. Set Xj = tp^ 1 (a,-) 
then 

C = L ai J X i ~ a J ® X ») ■ 

<<j 
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Define the space Wj C by: 

W ft = {l OT (/o) \x,Ye m }. 

Then W/ = 0([0o,0o]) and that implies Im(Co) C [flo>0o]- In Section 2, it is known 
that {a,/o} = and then [X B ,0o] =0. As a sequence, 5(X B , [flo,0o]) = 0. That de- 
duces B(Xo,Im(C )) =0. Therefore [[fl D ,0n], [fln,0u]] = [Im(C ),Im(C )] C CX- C 
Z(q) and we conclude that g„ is solvable. 

By B non-degenerate there is an element F 5 £ 0b isotropic such that fi(X B , F B ) = 1. 
Moreover, combined with B a solvable singular quadratic Lie algebra, we can 
choose Y„ satisfying Co(Yq) = and we obtain then a straightforward consequence 
as follows: 

Corollary 5.2. 

(1) C = ad(F B ), ker(C) = Z(g) © CY- and [g,g] = Im(C) © CX B . 

(2) The Lie superalgebra is solvable. Moreover, q is nilpotent if and only if 
C is nilpotent. 

5.1. Singular quadratic Lie superalgebras of type Si and double extensions. 

The description of the Lie super-bracket in Proposition 15. 1 1 allows us to propose 
a definition of double extension of a quadratic ^-graded vector space as follows: 

Definition 5.3. Let (q = q B © q T ,B q ) be a quadratic Z 2 -graded vector space and 
C be an even endomorphism of q. Assume that C is skew-supersymmetric, that 
is, B(C(X),Y) = -B(X,C(Y)), for all X,Y € q. Let (t = span{X- ,Y- },B t ) be a 
2-dimensional quadratic vector space with the symmetric bilinear form B t defined 
by: 

B t (X- ,X») = fl t (y B ,y„) = and B t (X 5 ,y B ) = 1. 

Consider the vector space = t © q equipped with the bilinear form B = B t +B q 
and define on the following bracket: 

[XX- + hYo + X,X'Xq + fi% + Y}= fiC{Y) - At'C(X) +B(C(X),Y)X- , 

for all X,Y G q,A,jU,A' ,/J.' € C. Then (g,B) is a quadratic solvable Lie superal- 
gebra with 0o = t © qo and T = q T . We say that is the double extension of q by 
C. 

Note that an even skew-supersymmetric endomorphism C on q can be written 
by C = Co + Ci where Co G o(qo) and C\ G sp(q T ). 

Corollary 5.4. Let q be the double extension ofq by C. Denote by C = ad(F n ) then 
one has 

(1) [X,Y]=B{Xo,X)C(Y)-B(X- ,Y)C(X)+B(C{X),Y)X«,forallX,Y £ Q . 

(2) is a singular quadratic Lie superalgebra. If C|q T is nonzero then is of 
type S\. 

Proof. The assertion (1) is direct from the above definition. Let a = 0(X n ) and 
define the bilinear form Q. : -> g by Q.(X,Y) = B(C(X),Y) for all X,Y £ Q. By 
B even and supersymmetric, C even and skew-supersymmetric (with respect to B) 



32 



MINH THANH DUONG, ROSANE USHIROBIRA 



then Q = Qq + Q.[ € Alt 2 (g 5 ) © Sym 2 (g T ). The formula in (1) can be replaced by 
/ = aAilo + 0!®^i = a A £2. Therefore, dup(g) > 1 and g is singular. If C|q T is 
nonzero then £li ^ 0. In this case, [0t?0t] 7^ {0} and thus dup(g) = 1. □ 

As a consequence of Proposition 15.11 and Definition [531 one has 

Lemma 5.5. Let (q,B) be a singular quadratic Lie superalgebra of type S\. Keep 
the notations as in Proposition 15. 1 1 and Corollary 15.21 Then (q,B) is the double 
extension ofq = (CX 5 © CYs) 1 - byC = C| q . 

Remark 5.6. The above definition is a generalization of the definition of double 
extension of a quadratic vector space by a skew-symmetric map in HDPUH and Def- 
inition |43] Moreover, if let g = (CX n © CYq) © (q D © q T ) be the double extension 
of q = q n © qy by C = Co + C\ then g n is the double extension of q^ by Co and the 

subalgebra (CXo©Qo) © q T is the double extension of q T by C\. 

The proof of the proposition below is completely analogous to the proof of 
Proposition 14.101 so we omit it. 

Proposition 5.7. Let g = (CX B © CY 5 ) © (qo © qi) and g' = (CX B ' © C7 g ') © (q 5 © 
qi) be two double extensions of q = qg © qj by C = Co + C\ and C = C' + C[, 
respectively. Assume that C\ is nonzero. Then 

(1) there exists a Lie superalgebra isomorphism between g and g' if and only 
if there exist invertible maps P G «Sf(qn), Q S JSf (qj) and a nonzero X G C 
such that 

(i) Cq" = XPCqP 1 and P*PC = C . 

(ii) C[= XQC X Q X andQ*QC y =C h 

where P* and Q* are the adjoint maps of P and Q with respect to S|q_ X q B 
andB\ qjX q r 

(2) there exists an i-isomorphism between g and g' if and only if there is a 
nonzero X € C such that C' is in the 0{<\o)-adjoint orbit through XCq and 
C[ is in the Sp(qj)-adjoint orbit through XC\. 

Remark 5.8. If let M = P + Q then AT 1 = P 1 + Q 1 and M* = P* + Q*. The 
formulas in Proposition l5.7l (l) can be written: 

C = XMCM~ 1 and M*MC = C. 

Hence, the classification problem of singular quadratic Lie superalgebras of type 
Si (up to i-isomoiphism) can be reduced to the classification of O(q ) X Sp(q T )- 
orbits of o(q B ) ffisp(q T ), where 0(q n ) x Sp(q T ) denotes the direct product of two 
groups O(q ) and Sp(q T ). 

Definition 5.9. Let q = q n © q T be a quadratic ^2-graded vector space. An even 
isomorphism F 6 «Sf (q) is called an isometry of q if F\ q - and F| q _ are isometries. 

To prove the following Corollary, it is enough to follow exactly the same steps 
as in Corollary 14.1 II 
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Corollary 5.10. Let (g,B) and (g',B') be double extensions of (q,B) and (q',F ; ) 
by C and C respectively where B = 5| qX q and B' = B'\ q i xq i. Write g = (CX n © 

CF B ) © q and g' = (CX^ © CF n ') © q'. Then: 

(1) there exists an i-isomorphism between g and g' if and only if there exists 
an isometry A : q — s> q' such that C = X A C A -1 , for some nonzero X G C. 

(2) there exists a Lie superalgebra isomorphism between g and g' if and only 
if there exist even invertible maps Q : q — > q' and P G jSf (q) such that 

(i) C = X QC Q for some nonzero X G C, 

(ii) P*PC = Cand 

(iii) Q P is an isometry from q onto q'. 

5.2. Fitting decomposition of a skew-supersymmetric map. 

We recall the following useful result (see for instance HDPU1D : 

Lemma 5.11. Let C and C be nilpotent elements in o(n). Then C is conjugate to 
XC modulo 0(n) for some nonzero X G C if and only ifC is conjugate to C. 

Remark that the lemma remains valid if we replace o(n) by sp(2n) and O(ra) by 
Sp(2n). 

Proposition 5.12. Let g and g 1 be two nilpotent singular quadratic Lie superalge- 
bras. Then g and g' are isomorphic if and only if they are i-isomorphic. 

Proof. Singular quadratic Lie superalgebras g and g' are regarded as double exten- 
sions g = (CXo © CYo) © q and (CX 5 ' © CF 5 ') © q' by C and C where q = q n © q T 
and q' = q^ © q(. By Corollary EU C and C are nilpotent. Rewrite C = C + C\ 
and C = C r Q + C[, where C € o(q n ),C^e o{(Q,C\ Gsp(q) and C[ € sp(q')- 

If g and g' are isomorphic then dim(q n ) = dim(qg) and dim(q T ) = dim(qy). Thus, 
there exist isometries Fq : q^ — > q B and F\ : qy — > q T and then we define an isometry 
F : q' -> q by F(X' + F') = F Q (X') + Fq(F') for all X' G q^ and F' G q(. We now 
set i 7 : g' — > g by F(X£) = Xq, F(F g ') = F c , = F and a new Lie super-bracket on 
gby: 

[X,Y]" = F{[F-\X),F- l (Y)]'), VX,FGg. 
Denote by g" this new quadratic Lie superalgebras. It is easy to see that g" = 

(CXo © CF B ) © q is the double extension of q by C" = F C F 1 and g" is i- 
isomorphic to g'. It need to prove that g" is i-isomorphic to g. Write C" = Cq+C" G 
o(qn) ffisp(qi). Since g and g" are isomorphic then there exist invertible maps 
P : q 5 ->■ q B and Q : q T -> q T such that = AF C F~' and cf = XQ C\ Q 1 for 
some nonzero X G C. By Lemma l5.11l Co and C ' are conjugate under 0(qg)> C\ 
and C'l are conjugate under Sp(qj) and we can assume that X = 1. Therefore g and 
g" are i-isomorphic. The proposition is proved. □ 

Let now g be a singular quadratic Lie superalgebra of type Si. Write g as a 
double extension of (q = qoffiq-r,F) by C = Co + Ci where C = ad(F 5 )| q , Co = C|q D 



34 



MINH THANH DUONG, ROSANE USHIROBIRA 



and C\ = C|q r We consider the Fitting decomposition of Co on q 5 and C\ on q T by: 

qn = © 4 and qi = qf © q{ 

where and q^ (resp. q^ and q{) are Co-stable (resp. C\ -stable), C% = Co| q w and 
cf = Ci | q jy are nilpotent, C^ = Co| q / and c\ = Ci | q / are invertible. Recall that C is 

skew-supersymmetric then q^ = (q^) ± in g B and q{ = (q^) in g T . 
Next, we set 

c\n = q^ © qf and q 7 = qt q{ 
As a consequence, Cv = C| qA , is nilpotent, C/ = C| q; is invertible, [q^,q/] = {0}, 
the restrictions Bn = B\ qNX q N and B] = B\ qiXqi are non-degenerate and supersym- 

— -=N — N — —I —I — — 

metric. It is easy to check that Cn = C +C\ , C/ = C + Q. Moreover, Cn, Ci 

are skew-supersymmetric and they are Fitting components of C in q. Let qn = 

i ± 
(CXn©CFn) © q# and 0/ = (CXoffiOo) © q/- Then and 0/ are subalgebras of 

g, Qn is the double extension of q^ by Cn, 0/ is the double extension of qj by C/ 

and qn is a nilpotent singular quadratic Lie superalgebra. 

Definition 5.13. The subalgebras qn and 0/ as above are respectively the nilpotent 
and invertible Fitting components of 0. 

Definition 5.14. A double extension is called an invertible quadratic Lie superal- 
gebra if the corresponding skew-supersymmetric map is invertible. 

It is easy to check that the dimension of an invertible quadratic Lie superalgebra 
must be even. Moreover, following Corollary 15.101 two invertible quadratic Lie 
superalgebras are isomorphic if and only if they are i-isomorphic. This property is 
still right for singular quadratic Lie superalgebras of type S\. 

Proposition 5.15. Let q and q' be singular quadratic Lie superalgebras of type S\ 
and Qn, 0/. Qn< 0/ ^ e their Fitting components, respectively. Then 

(1) ~ 0' if and only if Qn ^ Qn an d Qi — 0/- The result remains valid if we 
replace — by ~. 

(2) and q' are isomorphic if and only if they are i-isomorphic. 

Proof. The proposition is proved as Proposition 6.4 in HDPL1 . It is sketched as 
follows. We assume that ~ ; . They are regarded as double extensions = 

(CX © CYo) © q and (CX 5 ' © CY 5 ') © q' by C and C. By Corollary EE] there are 
an even invertible map P : q — > q' and a nonzero X € C such that C = X P CP 1 , 
so q^, = P(qN) and q'j = P(qi), then dim(q^) = dim(q^) and dim(q^) = dim(q/). 
Thus, there exist isometries Fn : q^ — > qN and Fj : q'j — > qj and we can define an 
isometry F : q' q by F(X N +Xj) = F N (X^) +Fi(Xfi, VX N £_q' N and X/ € q\. 
We now define F : 0' -»• by F(X[) = X u F(Y[) = Y u F\ q , = F and a new Lie 
super-bracket on 0: 

[X,Yr = F{[F- l (X),F- l (Y)]'), VX,F€0. 
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Denote by g" this new quadratic Lie superalgebra. It is obvious that g' ~ g". 
It remains to prove the assertions for two quadratic Lie superalgebras g and q". 
Those follow Corollary 15.101 Lemma B.lll and Proposition 15.121 

□ 

Proposition 5.16. The dup-number is invariant under Lie superalgebra isomor- 
phisms, i.e. if (g,B) and (g' ,B') are quadratic Lie superalgebras with g ~ g', then 
dup(g) =dup(g'). 

Proof. By Lemma |2~41 we can assume that g is reduced. By Proposition 12.31 g' 
is also reduced. Since g ~ g' then we can identify g = g' as a Lie superalgebra 
equipped with the bilinear forms B, B' and we have two dup-numbers: dup B (g) 
and dup B /(g). 

We start with the case dup B (g) = 3. Since g is reduced then g T = {0} and g is a 
reduced singular quadratic Lie algebra of type S3. By HPU0711 . dim([g,g]) = 3 and 
then dup B /(g) = 3. 

If dup B (g) = 1, then g is of type Si with respect to B. There are two cases: 
[0t,0t] = {0} and [g T ,g T ] + {0}. If [g T ,g T ] = then g T = {0} by g reduced. In this 
case, g is a reduced singular quadratic Lie algebra of type Si. By MDPUI , g is also 
a reduced singular quadratic Lie algebra of type Si with the bilinear form B', i.e. 
dup B /(g) = 1. 

Assume that [flT,0r] 7^ {0}, we need the following lemma: 

Lemma 5.17. Let gbe a reduced quadratic Lie superalgebras of type Si such that 
[g T , g T ] 7^ and D G «^(g) be an even symmetric map. Then D is a centromorphism 
if and only if there exist /1 G C and an even symmetric map Z : g — > Z(g) such that 
Z I [ g ] = and D = }X Id +Z. Moreover D is invertible if and only if /x^0. 

_L 

Proof. First, g can be realized as the double extension g = (CX B © CF 5 ) ffi q by 
C = ad(7 B ) andletC = C| q . 

Assume that D is an invertible centromorphism. The condition (1) of Lemma 
|420]implies that D o ad(X) = ad(X) oD, for all X 6 g and then DC = CD. Using 
formula (1) of Corollary |53]and CD = DC, from [D(X),F 5 ] = [X,D(Y- )] we find 

D(C(X)) = jUC(X), VI G g, where n = S(D(X B ),7 g ). 

Since D is invertible, one has \i / and C(D — }x\d) = 0. Recall that ker(C) = 
CXo © ker(C) © On = 2>(g) © CF n , there exist a map Z : g -> Z(q) and (p G g* such 
that 

D-/iId = Z + <p©Fo- 

It needs to show that <p = 0. Indeed, D maps [g,g] into itself and Yq ^ [g,g], 
so <p| [g g] = 0. One has [g,g] = CX 5 ffiIm(C). If X G Im(C), let X = C(Y). Then 
D(X) = D{C(Y)) = juC(y), so D(X) = /xX. For F n , O([F ,X]) = DC{X) = piC(X) 
for all X G g. But also, D([F D ,X]) = [D(F„),X] = ptC{X) + (p(Y^)C{X), hence 
<p(F n ) = 0. As a consequence, D(F D ) = ^F n + Z(F n ). 
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Now, we prove that D(Xg) = jliX B . Indeed, since D is even and [st,St] = CX B 
then one has 

D(X n ) C D([st,St]) = [D(g T ),g T ] C [01,91] = CX- . 

It implies that, D(X B ) = aX B . Combined with fl(D(y n ),X n ) = B(Fij,D(X B )), we ob- 
tain jj, =a. 

LetX € q, 5(D(Xo),X) = }lB{X- ,X) = 0. Moreover, 5(D(X,),X) = 5(X,,D(X)), 
so <p(X) =0. 

Since 6(g) is generated by invertible centromorphisms then the necessary con- 
dition of Lemma is finished. The sufficiency is obvious. □ 

Let us return now to the proposition. By the previous lemma, the bilinear form 
B' defines an associated invertible centromorphism D = jUld+Z for some nonzero 
/I £ C and Z : g — > Z(g) satisfying ZL fl i = 0. For allX,F,Z € g, one has: 

I'(X,Y,Z) =B'([X,Y],Z) = B(D([X,Y]),Z) =B([D(X),Y],Z) = HB([X,Y],Z). 
That means /' = pLl and then dup B /(g) = dup B (g) = 1. 

Finally, if dup B (g) = then g cannot be of type S3 or Si with respect to B', so 
dup B /(g)=0. □ 

Let g be a reduced singular quadratic Lie superalgebra of type Si such that 
[flij St] 7^ 0- Keep the notation as in Lemma |5.17[ We set Z.(g) 5 = Z(q) flg B , 2.(g) T = 
2>(s)nST, [s,s]o = [SiS]nSoand [s,s]t = [s,s]n0 T - It is obvious thatX B <E Z(g) B C 
[g,g]o and Z.(g) T C [s,s]t- m other words, Z>(g) B and 2.(g) T are totally isotropic 
subspaces of g B and g T , respectively. Rewrite Z.(g) B = CX B © [ B . Then there exist 
totally isotropic subspaces u B © CF B of g B and u T of g T such that g B = [g, g] B © (u B © 
CYo), Qj = [g,g]T©UT, the subspaces 2,(g) B © (u B © CF B ) and 2,(g) T ffiu T are non- 
degenerate. Let us define 

Z:UoffiCF B ffiu T ^ [o©CXoffiZ(g) T 

by : set bases {Xj = X 5 ,X 2 , . . .,X r } of fa © CX B , {Y t , . . ., Y t } of Z(g) T , {X{ = Y^, . . .,X' r ] 
of u B © C7o and {Y[, ...,Y t '} of u T such that B(X ( -,Xj) = 5, 7 , B(Y k ,Y{) = 8 kI . Then 
the map Z is completely defined by 



with Hij = llji = B(X!, Z(Xj)) and v y = -V yi = fl(F/, Z(Yj)). 

It results that the quadratic dimension of g can be calculated as follows: 

dim(Z(g)o)(l+dim(Z(g) B )) dim(Z(g) T )(dim(Z(g) T ) - 
a 9 (fl) = 1 + « + » 



SINGULAR QUADRATIC LIE SUPERALGEBRAS 



37 



6. Quasi-singular quadratic Lie algebras 

By Definition |5.3[ it is natural to question: let (q = qo©q-r>-Bq) be a quadratic 1a- 
graded vector space and C be an endomorphism of q. Let (t = span{X T ,}r},fi t ) be 
a 2-dimensional symplectic vector space with B t (Xj,Y-i) = 1. Is there an extension 

= q © t such that g equipped with the bilinear form B = B q + B t becomes a 
quadratic Lie superalgebra such that g n = 1o> Bt = It © t and the Lie super-bracket 
is represented by C? In this section, we will give an affirmative answer to this 
question. 

The dup-number and the form of the associated invariant / in the previous sec- 
tions suggest that it would be also interesting to study a quadratic Lie superalgebra 
q whose associated invariant / has the form 

I = JAp 

where p 6 Qj is nonzero, J G Alt (go) <8>Sym (gr) is indecomposable. We obtain 
the first result as follows: 

Proposition 6.1. {/,/} = {p,J} = 0. 

Proof. Apply Proposition 1 1.2l to obtain 

{/,/} = {JAp,JAp} = {J A p,J} A p + / A {/ A p,p} 

= -{J,J}ApAp + 2JA{p,J}Ap-JAJA{p,p}. 

Since the super-exterior product is commutative then one has / A J = 0. Moreover, 
{/,/} = implies that: 

{/,/} ApAp = 2J A {p,J} A p. 

That means {/,/} Ap = 2J A {p,J}. 

If {/,/} ^ then {/,/} Ap^O, so J A {p,J} / 0. Note that {p,J} G Alt 1 (g g ) so 
J must contain the factor p, i.e. J = a®p where a G gi. But {p,J} = {p,a®p} = 
— a <S> {p,p} = since {p,p} = 0. This is a contradiction and therefore {/,/} = 0. 

As a consequence, J A {p,J} = 0. Set a = {p,J} G Alt'(go) then we have 
J Aa = 0. Ifa^O then / must have the form / = a ®q where q G Sym ! (g T ). That 
is a contradiction since / is indecomposable. □ 

Definition 6.2. We continue to keep the condition I = J Ap with p G gi nonzero 
and J G Alt 1 (g 5 ) §5 Sym 1 (g T ) indecomposable. We can assume that 

7? 

/ = «i <8> p,- 

i=l 

where a,- G Alt 1 (go), i = l,...,n are linearly independent and pj G Sym^gj). A 
quadratic Lie superalgebra having such associated invariant / is called a quasi- 
singular quadratic Lie superalgebra. 
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hetU = spanjai, . . . ,a n } and V = span{p[ ,p„}, one has dim(£/) anddim(V) 
more than 1 by if there is a contrary then / is decomposable. Using Definition ll.il 
we have: 

{n n n 

i=i i=i J ij=i 

Since {/,/} = and a,, j = 1, . . . ,n are linearly independent then {pt,pj} = 0, 
for all i, j. It implies that {pi,J} = 0, for all i. 

Moreover, since {p,J} = we obtain {p,p{\ = 0, consequently {pi,I} = 0, 
for all i and {p,I} = 0. By Corollary 11.71 (2) and Lemma [1.141 we conclude that 
(V + Cp) is a subspace of Z(g) and totally isotropic. 

Now, let {q\ , . . . , q m } be a basis of V then 7 can be rewritten by 

m 

7=1 

where j3y G t/, for all j. One has: 

L Pj ® <?7> L ft ® <?7 f = ~ £ j8y} ® + (A A ft) ® {?,-, • 
7=1 7=1 J ',7=1 

By the linear independence of the system {qiqj}, we obtain {j3,-,/3/} = 0, for all 
It implies that {j3y,/} = 0, equivalently _1 (/3 ; ) € Z,(g), for all j. Therefore, 

n 

we always can begin with / = £ a, <8> satisfying the following conditions: 

;=i 

(i) a,, i = 1, . . . ,n are linearly independent, 

(ii) (j)~ l (U) and _1 (V + Cp) are totally isotropic subspaces of Z(q) where 
U = span{a! , . . . , a n } and V = span{p! ,...,p n }. 

Let Xi = (a,-), X* = (/?;), for all i and C : g -4 g defined by 

/(x,Y)=B(c(x),y), vx,y g . 

Lemma 6.3. 77?e mapping C is a skew -super symmetric homogeneous endomor- 
phism of odd degree and Im(C) C Z(q). Recall that ifC is a homogeneous endo- 
morphism of degree c of g satisfying 

B(C(X),Y) = -(-l) a B(X,C(Y)), VI G g,, F G g 

f/ierc we say C skew-supersymmetric (with respect to B). 

Proof Since 7(g B , g B ) = 7(g T , g T ) = and B is even then C(g B ) C g T and C(g T ) C g B . 
That means C is of odd degree. For all X G g B , Y G one has: 

fl(c(x),y) =/(x,y) = f>®p,(*.r) = £« i -(x) A (y) = £a&j,x)*(x T ',y). 

!=1 1=1 i'=l 

By the non-degeneracy of B and /(X,F) = — J(Y,X), we obtain: 

C(X) = £fi(X<,X)X* and C(Y) = -£s(X T \Y)X*. 

i=l i=i 
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Combined with B supersymmetric, one has: 

-B(Y,C(X))=B(C(X),Y) = -B(C(Y),X) = -B(X,C(Y)). 

It shows that C is skew-supersymmetric. Finally, Im(C) C Z.(g) since X g ', X\ G 
Z(g),foralH. □ 

Proposition 6.4. Let Xj = <p~ l (p) then for all X G g g > F,Z G g T owe /jc«: 

(1) [X,Y] = -B(C(X),Y)X X -B(X T ,Y)C(X), 

(2) [Y,Z] = B(X,J)C(Z)+B(X- U Z)C(Y), 

(3) X T GZ(g) WC(X T )=0. 

Proof. Let X G g n , Y,Z G g T then 

fi([X,F],Z) =JAp{X,Y,Z) = -J(X,Y)p(Z)-J(X,Z)p(Y) 
= -B(C(X),Y)B(X 1 ,Z)-B(C(X),Z)B(X 1 ,Y). 

By the non-degeneracy of B on g T x g T , it shows that: 

[X,Y] = -B(C(X),Y)Xj-B(Xj,Y)C(X). 

Combined with B invariant and C skew-supersymmetric, one has: 

[Y,Z]= B(X T ,Y)C(Z)+B(X T ,Z)C(Y). 

Since {p,I} = then X T G Z,(g). Moreover, {/>,/>;} = imply B{X T ,X') = 0, for 
all /. It means fl(X T ,Im(C)) = 0. And since B(C(X r ),X) = B(X T ,C(X)) = 0, for all 
X G g then C(X T ) =0. □ 

Let W be a complementary subspace of span{X T , . . . ,X",X T } in g T and F T be 
an element in W such that fi(X T ,F T ) = 1. Let X 5 = C(F T ), q = (CXi ©CFf) 1 - and 
#q = ^Iqxq then we have the following corollary: 

Corollary 6.5. 

(1) [Y 1 J 1 ]=2X- , [Y T ,X] = C{X)-B{X,X^X 1 and[X,Y} = -B(C{X),Y)X T ,for 
allXJ G q © CXj. 

(2) [g,g] C Im(C) + CX T C Z-(g) so g is 2-step nilpotent. If q is reduced then 
[g,g] =Im(C) + CX T = Z(g). 

(3) C 2 = 0. 

Proo/ 

(1) The assertion (1) is obvious by Proposition 16.41 

(2) Note that X B G Im(C) so [g,g] C Im(C) + CX T . By Lemma [631 and Propo- 
sition [631 Im(C) + CX T C 2,(g). If g is reduced then Z(q) C [g,g] and 
therefore [g, g] = Im(C) + CX T = Z(g). 

(3) Since g is 2-step nilpotent then 

= [F T , [F t , F t ]] = [F T ,2Xo] = 2C(X B ) - 2B(X- ,X- )X T . 

Since X B = C(F T ) and Im(C) is totally isotropic then B(Xq,Xq) = and 
therefore C(Xo) = C 2 (F T ) = 0. 
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If X G q © CX T then = [F T , [F T ,X]] = [F T ,C(X)]. By the choice of F T , it 
is sure that C(X) G q © CX T . Therefore, one has: 

0= [Y- U C(X)} = C 2 (X)-B(C(X),X,)X T = C 2 (X)-B(C(X),C(Y T ))X T . 

By Im(C) totally isotropic, one has C 2 (X) = 0. 

□ 

Now, we consider a special case: Xq = 0. As a consequence, [F T , F T ] = 0, [F T ,X] = 
C(X) and [X,F] = -B(C(X),F)X T , for all X,F G q. Let X G q and assume that 
C(X) =d(X) + aX x where C\{X) G q then 

= B([F T ,F T ],X) = B(Y- U [Y T ,X]) = B(Y r ,C 1 (X)+aX l ) = a. 

It shows that C(X) G q, for all X G q and therefore we have an affirmative answer 
of the above question as follows: 

Proposition 6.6. Let ( q = q 5 © qy , B q ) be a quadratic ^-graded vector space and C 
be an odd endomorphism of q such that C is skew -super symmetric and C = 0. Let 

(t = span{XT,Fr},Bt) be a 2-dimensional symplectic vector space with Bi(Xj,Yj) = 

x 

1. Consider the space g = q © t and define the product on g by: 

[F T , F T ] = [X T ,g] =0, [Y r ,X] =C(X) and [X,Y] = -B q (C(X),F)X T 

for all X G q. Then g becomes a 2-nilpotent quadratic Lie superalgebra with the 
bilinear form B = B q + fif Moreover, one has Qq = qg, gT = qi © t 

Remark 6.7. The method above remains valid for the elementary quadratic Lie 
superalgebra g£ with / decomposable (see Section 3) as follows: let q = (CX n © 
CFj) © (CZ T ffiC7i) where q n = span{X Th Y Tl } , q T = span{Z T ,r T } and the bilinear 
form Bq is defined by B(Xq, Fq) = B{Z- U Tj) = 1, the other are zero. Let C : q — >• q 
be a linear map defined by: 

/0 -l\ 

10 
\0 J 



Then C is odd and C 2 = 0. Set the vector space g = q © t, where (t = span{X T , F T },S t ) 
is a 2-dimensional symplectic vector space with B t (Xj,Yj) = 1. Then g = g^ with 
the Lie super-bracket defined as in Proposition p"* 



It remains to consider X„ ^ 0. The fact is that C may be not stable on q, that is, 
C(X) G q © CX T if X G q but that we need here is an action stable on q. Therefore, 
we decompose C by C(X) = C(X) + (p(X)Xj, for all X G q where C : q — >■ q and 
<p : q -> C. Since B(C(F T ),X) = S(F T ,C(X) then <p(X) = -5(X D ,X) = -S(X,X n ), 
for all X G q. Moreover, C is odd degree on g and skew-supersymmetric (with 
respect to B) implies that C is also odd on q and skew-supersymmetric (with respect 
to fiq). It is easy to see that C = 0, C(X n ) = and we have the following result: 
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Corollary 6.8. Keep the notations as in Corollary 16.51 and replace 2X„ by X B then 
for all X,Y G q, one has: 

• [Y- u Yi]=Xo, 

• [Y 1 ,X]=C(Xl-B(X,X,)X 1 , 

• [X,Y] = -B(C(X),Y)X r . 

Hence, we have a more general result of Proposition 16.61 

Proposition 6.9. Let (q = qj © qx^q) be a quadratic ^-graded vector space and 
C an odd endomorphism of q such that C is skew -super symmetric and C = 0. 
Let Xq be an isotropic element of qu, Xq G ker(C) and (t = span{XT,Ir},5i) be a 
2-dimensional symplectic vector space with S t (X T ,F T ) = 1. Consider the space 

= q © t and define the product on q by: 

[Y T ,Y T ] =X- , [Yj,X]=C{X)-B q (X,Xo)Xjand [X,Y] = -B q (C(X),Y)X T 

for all X G q. Then g becomes a 2-nilpotent quadratic Lie superalgebra with the 
bilinear form B = B q + B t . Moreover, one has g B = qo, Qj = c\j © t 

A quadratic Lie superalgebra obtained in the above proposition is a special case 
of the generalized double extensions given in HBBBH where the authors consider 
the generalized double extension of a quadratic Z^-graded vector space (regarded 
as an Abelian superalgebra) by a one-dimensional Lie superalgebra. 

7. Appendix: Adjoint orbits OFsp(2n) and o(m) 

This appendix recalls a fundamental and really interesting problem in Lie theoiy 
that is necessary for the paper: the classification of adjoint orbits of classical Lie 
algebras sp(2«) and o(m) where m, n G N*. A brief overview can be found in 
MHum951 with interesting discussions. Many results with detailed proofs can be 
found in HCM931 . 

A different point here is to use the Fitting decomposition to review this prob- 
lem. In particular, we parametrize the invertible component in the Fitting decom- 
position of a skew-symmetric map and from this, we give an explicit classification 
for Sp(2rc)-adjoint orbits of sp(2n) and 0(m)-adjoint orbits of o(m) in the general 
case. In other words, we establish a one-to-one correspondence between the set of 
orbits and some set of indices. This is an rather obvious and classical result but in 
our knowledge there is not a reference for that mentioned before. 

Let V be a m-dimensional complex vector space endowed with a non- degenerate 
bilinear form B e where e = ± 1 such that B e (X , Y ) = eB e (Y, X ) , for all X , Y G V . If 
£ = 1 then the form Si is symmetric and we say V a quadratic vector space. If e = 
— 1 then m must be even and we say V a symplectic vector space with symplectic 
form B \. We denote by ^f(V) the algebra of linear operators ofV and by GL(V) 
the group of invertible operators in Jz?(V). A map C G Jz?(V ) is called skew- 
symmetric (with respect to B e ) if it satisfies the following condition: 

B e (C(X),Y) = -B e (X,C(Y)), VX,Y G V. 
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We define 

I e (V) = {AeGL(V) | B e (A(X),A(Y))=B e (X,Y), VX,FeV} 

and Q e (V) = {C€ -5? 00 I C is skew-symmetric}. 

Then I e (V) is the isometry group of the bilinear form B e and g e (V) is its Lie alge- 
bra. Denote by A* £ «£? (V) the adjoint map of an element A £ Jz?(V ) with respect 
to B e , then A G I S (V) if and only if A" 1 = A* and C € Qe(V) if and only if C* = -C. 
If £ = 1 then I e (V) is denoted by 0(V) and g e (V) is denoted by o(V). If £ = -1 
then Sp(V) stands for 400 and sp(V) stands for e (V ). 

Recall that the adjoint action Ad of I £ (V) on e (V) is given by 

Adu(c) = ucu-\ vuei e (v),Ce Se (v). 

We denote by Gq = Ad /e (y)(C), the adjoint orbit of an element C € g e (V) by this 
action. 

If V = C"\ we call B e a canonical bilinear form of C m . And with respect to 
B e , we define a canonical basis ,% = {E\,. ..,E m } of C m as follows. If m even, 
m = 2n, write ^ = {£"i, . ..,E n ,Fi,...,F n }, if m is odd, m = 2n + 1, write ^ = 
{^i, . . . ,E n ,G,F\,. . . ,F n } and one has: 

• if m = 2n then 

B l (E i ,F j )=B 1 (Fj,E i ) = 8 ij , B l {E t ,E j )=B l (F t ,F ] ) = Q, 

B-i(Ei,Fj) = —B_i(Fj,Ei) = S u , B_ 1 (E i ,Ej)=B_ 1 (F i ,F j )=0, 

where 1 < /, j < n. 

In the case of £ = —1, ,% is also called a Darboux basis of C . 

• if m = 2n + 1 then £ = 1 and 

'By(E u Fj) = S u , Bi(Ej,Ej) = B l (F i ,Fj) = 0, 
< B l (E h G)=B 1 (F j ,G)=0, 
Bi(G,G) = l 

where 1 < /, j < n. 

Also, in the case V = C m , we denote by GL(m) instead of GL(V ), O(m) stands 
for 0(V) and o(m) stands for o(V). If m = 2« then Sp(2n) stands for Sp(V) and 
sp(2n) stands for sp(V). We will also write 7 e = I £ (C m ) and g e = g e (C m ). Our 
goal is classifying all of I e -adjoint orbits of Q e . 

Finally, let V is an m-dimensional vector space. If V is quadratic then V is 
isometrically isomorphic to the quadratic space (C m ,Bi) and if V is symplectic 
then V is isometrically isomorphic to the symplectic space (C'",5_i) MBou59ll . 

7.1. Nilpotent orbits. 

Let n € N*, a partition [d] of n is a tuple [d\ , ... , *4] of positive integers satisfying 

c?i > ... > t4 and d\ + ... + dt = n. 
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Occasionally, we use the notation [t\ l , . . . ,t'/] to replace the partition [di,...,dk] 
where 

' h 1 < j < h 

h h + 1 < j < h + h 
h h + h + 1 < j < h + h + h 

Each ij is called the multiplicity of tj. Denote by &(ri) the set of partitions of n. 
Let p € N*. We denote the Jordan block of size p by J\ = (0) and for p>2, 



/0 1 



\0 





1 







o\ 



1 



[di,...,d k ] G 



Then is a nilpotent endomorphism of C p . Given a partition [d] 
&(n) there is a nilpotent endomorphism of C" defined by 

X [d] :=diag k (J dl ,...,J dk ). 

Moreover, is also a nilpotent element of sl(n) since its trace is zero. Conversely, 
if C is a nilpotent element in sl(n) then C is GL(n)-conjugate to its Jordan normal 
formXu] for some partition [d] € g?(n). 

Given two different partitions [d] = [d\,...,d^\ and [d 1 ] = [d[ , . . . , d[] of n then the 
GL(n)-adjoint orbits through Xu\ and Xun respectively are disjoint by the unicity 
of Jordan normal form. Therefore, one has the following proposition: 

Proposition 7.1. There is a one-to-one correspondence between the set of nilpotent 
GL(n)-adjoint orbits ofsl(n) and the set £?{n). 

Define the set 

^> e {m) = {[di,...,d m ] £ &{ni)\ t{j \ dj = i} is even for all i such that (-1)' = e}. 

In particular, (m) is the set of partitions of m in which even parts occur with 
even multiplicity and i (m) is the set of partitions of m in which odd parts occur 
with even multiplicity. 

Proposition 7.2 (Gerstenhaber). 

Nilpotent I e -adjoint orbits in Q e are in one-to-one correspondence with the set 
of partitions in 8? z {m). 

Here, we give a construction of a nilpotent element in q e from a partition [d] of 
m that is useful for this paper. Define maps in q e as follows: 

• For p > 2, we equip the vector space C p with its canonical bilinear form 
B e and the map C 3 lp having the matrix 



C J 



J J, 
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in a canonical basis where { J p denotes the transpose matrix of the Jordan 
block J p . Then C J 2p G g e (C 2p ). 

• For p > 1 we equip the vector space C 2p+l with its canonical bilinear form 
B\ and the map C 2p+X having the matrix 

rJ -f J P+i M 

<~2 P+ i - y o _ tJf 

in a canonical basis where M = (nijj) denotes the (p + 1) x p-matrix with 
m p+i,p = — 1 an d wi,y = otherwise. Then O^+j € o(2p + 1) 

• For p > 1, we consider the vector space C 2p equipped with its canonical 
bilinear form B i and the map C^ +p with matrix 

^ M 
-% y 

in a canonical basis where M = ) denotes the p x p-matrix with m PtP = 
1 and riijj = otherwise. Then C J p+p S sp(2p). 

For each partition [d] G (2n), [d] can be written as 

(P\,P\,P2,P2,- • • ,Pk,Pk,2qi,. . .,2qi) 

with all odd, p\>pi>--->Pk and q\> qi> ■ ■ ■ > qi. We associate [d] to the 
map Cm with matrix: 

diag^+f (C 2/ ,j , C ] 2p2 C 2pk ,C qi+qi ,..., C J qt+q( ) 

in a canonical basis of C then Cm G sp(2«). 
Similarly, let [J] G &\(m), [d] can be written as 

(Pi,Pi,P2,P2, ■ ■ ■ ,Pk,Pk,2qi +\,...,2qi + \) 

with all pi even, p\ > p2 > ■ ■ ■ > Pk and q\ > qi > ■ ■ ■ > q#. We associate [d] to the 
map C[j] with matrix: 

diagi + £(C2 Pl ,C 2p2 , . . . ,C 2pk ,C 2qi+1 , . . . ,C 2q[+1 ). 

in a canonical basis of C m then Cu\ G o(m). 

By Proposition 17.21 it is sure that our construction is a bijection between the set 
^e(m) and the set of nilpotent I e -adjoint orbits in g e . 

7.2. Semisimple orbits. 

We recall a well-known result HCM931 : 

Proposition 7.3. Let q be a semisimple Lie algebra, I) be a Cartan subalgebra of 
q and W be the associated Weyl group. Then there is a bijection between the set of 
semisimple orbits of q and t)/W. 

For each g e , we choose the Cartan subalgebra f) given by the vector space of 
diagonal matrices of type 



diag 2 „ (Ai , . • • , i • • • , -K) 
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if g e = o(2n) or g e = sp(2n) and of type 



dia g2«+l (Ai, . . . ,A„,0,— Ai, . . . , -Xn) 



ifg £ = o(2n + l). 

Any diagonalizable (equivalently semisimple) C G g e is conjugate to an element 
off). 

If g e = sp(2n) then any two eigenvectors v,w G C 2 ' 1 of C G g e with eigenvalues 
A, A' € C such that A + A' 7^ are orthogonal. Moreover, each eigenvalue pair 
A , — A is corresponding to an eigenvector pair (v, w) satisfying B e (v, w) = 1 and 
we can easily arrange for vectors v,v' lying in a distinct pair (v, w), (V, w') to be 
orthogonal, regardless of the eigenvalues involved. That means the associated Weyl 
group is of all coordinate permutations and sign changes of (Ai , . . . , A„). We denote 
it by G n . 

If g e = o(2n), the associated Weyl group, when considered in the action of 
the group SO(2«), consists all coordinate permutations and even sign changes of 
(Ai, . . . , A„). However, we only focus on 0(2?i)-adjoint orbits of o(2«) obtained 
by the action of the full orthogonal group, then similarly to preceding analysis any 
sign change effects. The corresponding group is still G„. If g e = o(2n + 1), the 
Weyl group is G n and there is nothing to add. 

Now, let A„ = {(Ai , . . . , A„) j X\ , . . . , A„ G C, A,- 7^ for some i}. 

Corollary 7.4. There is a bijection between nonzero semisimple I £ -adjoint orbits 
ofQ e andA n /G n . 

7.3. Invertible orbits. 

Definition 7.5. We say that the I e -orbit €?x is invertible if X is an invertible element 
in g e . 

Keep the above notations. We say an element X G V isotropic if B e (X,X) = 
and a subset W CV totally isotropic if B e (X,Y) = for all X,Y £ W. 

We recall the classification method given in HDPUl as follows. First, we need 
the lemma: 

Lemma 7.6. Let V be an even-dimensional vector space with a non-degenerate 
bilinear form B £ . Assume that V = V + © V_ where V± are totally isotropic vector 
subspaces. 

(1) LetN G -S?(V) such thatN(V±) C V±. We define mapsN± byN + \ v+ =N\ V+ , 
N + \ v _ = 0, N-\ v _ = N\ v _ and N-\v + = 0. Then N G e (V) if and only if 
N- = —A/* and, in this case, N = N + — N^. 

(2) Let U + G Jif(V) such that U + is invertible, U + (V + ) = V + and U + \v_ = 
Id y _. We define U G Jgf (V) by U\ v+ = U + \ v+ and U\ v _ = (U+ l )* |y_. TAen 

c/G/ e (y). 

(3) Lef A^' G g e (V) ^wc/z f/iaf A 7 ' satisfies the assumptions of (I). Define N± as 
in (I). Moreover, we assume that there exists U + G j£f(V+), U + invertible 
such that 
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We extend U + to V by f/+|y_ = ldy_ and define U G / e (V) as in (2). Then 

N' = U NU~ l . 

Proof. 

(1) It is obvious that N = N + +N-. Recall that N G Q e (V) if and only if N* = 
-N so Nl+Nl = -N+-N-. Since fl e (A^(V+),V) = B e (V + ,N + (V)) = 
then (V+) = 0. Similarly, AT* (V_) = 0. Hence, N_ = —N+. 

(2) We shows that B e (U(X),U(Y)) = B e (X,Y), for all X,Y eV. Indeed, let 
X = X + +X_,F = F+ + Y G V+ V-, one has 

B e ([/(X + +X_),[/(F + + F_))=B e ([/ + (X + ) + ([/- 1 )*(X_),[/ + (F + ) + ([/; 1 )*(y_)) 

= B e (t/ + (X + ),([/; 1 )*(F_))+B e ((^ 1 )*(X_),[/ + (y + )) 
= B e (X + ,Y-)+B e (X_,Y + )=B e (X,Y). 

(3) Since S e ([/- 1 (V+),V + ) = fl e (V + ,I/(V+)) = 0, one has U' 1 (V+) = V + and 
U - 1 ( V- ) = V- . Consequently, (U Af t/ _1 )(V + ) C V + and (t/ N U~ l )(V-) C 
V_. Clearly, t/ AT J/" 1 e 8 (V). By (1), we only show that 

(UNU- l )\ v+ =N' + 

This is obvious since U~ l \y + = U^ 1 . 

□ 

Let us now consider C G g e , C invertible. Then, m must be even (obviously, 
it happened if e = — 1), m = 2n. Indeed, we assume that e = 1 then the skew- 
symmetric form Ac on C' n defined by Ac(vi , V2) = B\ (vi , C(v2)) is non-degenerate, 
and the assertion follows. We decompose C = S+N into semisimple and nilpotent 
parts, S, N £ Q e by its Jordan decomposition. It is clear that S is invertible. We 
have A G A if and only if —A G A where A is the spectrum of S. Also, m(X) = 
m(— A), for all A G A with the multiplicity m(X). Since AT and S commute, we have 
N(V±h) C V±x where V% is the eigenspace of S corresponding to A G A. Denote by 
W(A) the direct sum 

W{X)=V X ®V_ X . 
Define the equivalence relation 3? on A by: 

XOljJ. if and only if X = ±fl. 

Then 

C 2 "= ® W(A), 

AeA/IR 

and each (W(X),Bi) is a vector space with the non-degenerate form given by: 

#A =" B e|M/(A)xW(A)- 

Fix A G A. We write W(X) = V + © V_ with V± = V±x- Then, according to the no- 
tation in Lemma l7T6l define N±% = N±. Since N\v_ = —N^, it is easy to verify that 
the matrices of N\v + and N\v_ have the same Jordan form. Let (d\ (A), . . . ,d rk (A)) 
be the size of the Jordan blocks in the Jordan decomposition of N\ y + . This does not 
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depend on a possible choice between N\y + or N\v_ since both maps have the same 
Jordan type. 

Next, we consider 

9= (J {(di,...,d,) G N r | d\ > d 2 > ••• >d r > 1}. 

reN* 

Define d : A — > by d(X) = (d\ (A), . . . ,d n (A)). It is clear that $orf = m where 
<3> : £F -4 N is the map defined by <3>( d\ , . . . , d r ) = Y!i=\ di- 

Finally, we can associate to C G g E a triple (A,m,d) defined as above. 

Definition 7.7. Let ^ be the set of all triples (A,m,d) such that: 

(1) A is a subset of C \ {0} with )JA < 2n and A G A if and only if -A G A. 

(2) m : A — ► N* satisfies m(A) = m(— A), for all A G A and £ m(A) = 2n. 

AeA 

(3) J : A — > Q} satisfies d(X) = d{—X), for all A G A and <E>o<i = m. 

Let ^(2?!) be the set of invertible elements in g e and <f{2n) be the set of I e - 
adjoint orbits of elements in ^(2n). By the preceding remarks, there is a map 
i : J 1 (2n) — > J* n . Then we have a parametrization of the set J?{2n) as follows: 

Proposition 7.8. 

The map i : J^(2«) — > Jfi n induces a bijection i : J?(2n) — > J! n . 

Proof. Let C and C G J(2n) such that C = U C U~ l with U G I E . Let 5, S', N, 
N' be respectively the semisimple and nilpotent parts of C and C'. Write z'(C) = 
(A,m,d) and Z(C') = (A',m',d f ). One has 

S'+N' = U (S + N) U' 1 =U SU~ l + U NU~ l . 

By the unicity of Jordan decomposition, S' = U S U~ l and N' = U N U~ l . So 
A' = A and m' = m. Also, since U S = S' U one has £/ 5(V A ) = 5' U (V x ). It implies 
that 

S' (U(V X )) = XU(V X ). 
That means U(V X ) = V' x , for all A G A. Since N' = U N U~ l then N\ Vx and iV'|^ 

have the same Jordan decomposition, so d = d' and i is well defined. 

To prove that i is onto, we start with A = {Ai , — Ai , . . . , Afc, — A^}, m and J as in 
Definition 17 .7 1 Define on the canonical basis: 

m(k\) m(X k ) m(X\) m(X k ) 

S = diag 2 „(Ai, . . . , Ai, . . . , A*, . . . , A*, — Ai, . . . , — A[, . . . , — At, . . . , —A*). 
For all 1 < / < let rf(A,) = (di (A,) > ■ - > d r (A,) > 1) and define 

N+(ki) = diag rf(A;) (j dl ( Xj ),J d2 ( Xl ), ■ ■ ■ JdrAXi)) 

on the eigenspace V x . and on the eigenspace V_ x . where J d is the Jordan block of 
size d. 
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By Lemma IT6l Af(A,-) = N + (Xi) - Af* (A,-) is skew-symmetric on V x . © V_ Xj . Fi- 
nally, 

c 2 "= {v h ®v^). 

\<i<k 

Define N G 0e by N (E*=i v*) = lli N{K) (v,-), v; € V A , © V_ A , and C = S+ W G 0e . 
By construction, /(C) = (A,m,d), so / is onto. 

To prove that i is one-to-one, assume that C, C' € J^(2n) and that /(C) = i(C') = 
(A,m,d). Using the previous notation, since their respective semisimple parts S 
and 5' have the same spectrum and same multiplicities, there exist U G I £ such that 
S' = USU-\ For A £ A, we have U(V X ) = V' x for eigenspaces V x and V[ of 5 and 
5' respectively. 

Also, for A G A, if N and N' are the nilpotent parts of C and C', then N"(V X ) C 
Va, with AT" = U- { N'U. Since /(C) = /(C), then JV| Va and #'|y* have the same 
Jordan type. Since N" = U~ l N'U, then N"\v x andA 7 )^ have the same Jordan type. 
So N\v A and N"\y l have the same Jordan type. Therefore, there exists D + G Jz?(V A ) 
such that N"\ Vx = £>+A?" | v A £>+ 1 - By Lemma|T6l there exists D(A) G 7 e (V A © V_ A ) 
such that 

A f/ V,ev_,= J D(A)A^|v^v_ ;i D(A)- 1 . 

We define D € / e by D\v x ®V- X = D W> for a11 A € A. Then N" = DND 1 and 
D commutes with S since 5|y ±A is scalar. Then 5' = (UD)S(UD)~ l and A 7 ' = 
(UD)N(UD)- 1 and we conclude that C = (UD)C(UD)- 1 . 

□ 

7.4. Adjoint orbits in the general case. 

Let us now classify I e -adjoint orbits of g e in the general case as follows. Let C 
be an element in g e and consider the Fitting decomposition of C 

c n = v N ®v h 

where Vjv and Vj are stable by C, Cv = C\y N is nilpotent and C/ = C|y ; is invertible. 
Since C is skew-symmetric, B e (C k (V N ),Vi) = (-l) k B e (V N ,C k (Vi)) for any k then 
one has Vj = (V/v) x . Also, the restrictions = B e \v NX v N and B ! e = B e \v lX Vi are 
non-degenerate. Clearly, Cv G e (V/v) and C/ G 0e(V/). By Subsection 17. II and 
Subsection 17.31 Cv is attached with a partition [d] G ^ e (n) and C/ corresponds to 
a triple T G where n = dim(V/v), 2£ = dim(V7). Let £$(m) be the set of all pairs 
( [d] , T) such that [d] G <^ e in ) and T G satisfying n + 2£ = m. By the preceding 
remarks, there exists a map p : g e — > &{m) . Denote by ^(flg) the set of 7 e -adjoint 
orbits of q e then we obtain the classification of ^(0 e ) as follows: 

Proposition 7.9. The map p : Q e —> &{m) induces a bijection p: &{q e ) — > &{m). 

Proof. Let C and C' be two elements in g e . Assume that C and C' lie in the same 
/g-adjoint orbit. It means that there exists an isometry P such that C' = PCP~ l . 
So C' k P = P C k for any £ in N. As a consequence, P(W) C Vf, and P(V» C V}'. 
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However, P is an isometry then V N = P(V)v) and Vj = P{Vj). Therefore, one has 
C'n = Pn CnP n 1 and C\ = Pi CiP r 1 , 

where P# = P : Vn — > V N and Pj = P :Vi — > Vj are isometries. It implies that Cjy, 
Cjy have the same partition and C/, have the same triple. Hence, the map p is 
well defined. 

For a pair ([d],T] G ^(m) with [d] G <^ e (n) and P G we set a nilpotent 
map Cjv G Qe(Vn) corresponding to [d] as in Section ITT1 and an invertible map 
Ci G 0e(V/) as in Proposition 17.81 where dim(V/v) = n and dim(V/) = 21. Define 
C G e by C(X N +Xj) = C N (X N ) +C I (X I ), for all X N G V N) Xj G V>. By construction, 
p(C) = ([rf],r) and p is onto. 

To prove pis one-to-one, let C,C f G Q e such that p(C) = p(C) = (\d],T). Keep 
the above notations, since Cn and C' N have the same partition then there exists an 
isometry P^ : Vn — > such that C^, = Pn Cn P^ 1 . Similarly C/ and have the 
same triple and then there exists an isometiy Pj:Vi—¥ Vj such that C\ = Pj Cj Pf 1 . 
Define P : V -> V by + X 7 ) = P W (X W ) +P/(X 7 ), for all X w G V W ,X 7 G V/ then 
P is an isometry and C = P C F ' . Therefore, p is one-to-one. 

□ 
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